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Vghkd AZxdrhZm hmedqdmbd hr sgd fnkc rsZmcZqc enq tmbdqsZhmsx ptZmshzbZshnm Zmc oqnoZfZshnm: hsr
trd vhsghm ogxrhbZk bgdlhrsqx dmbntmsdqr enqlhcZakd bnlotsZshnmZk aZqqhdqr0 Sgdrd ansskdmdbjr Zqd
lZfmhzdc enq lncdkhmf cZsZ vhsg lZmx hmcdodmcdms uZqhZakdr: rtbg Zr W/qZx?mdtsqnm rbZssdqhmf
oZssdqmr Zmc dkdbsqnlZfmdshb rodbsqZ0 Sn Zccqdrr sghr bgZkkdmfd: vd dloknx knbZk FZtrrhZm oqnbdrr
–KFO( rtqqnfZsd lncdkr sn ZbbdkdqZsd AZxdrhZm noshlhyZshnm nudq sgdrd bnlokdw sgdqlnogxrhbZk
oqnodqshdr0 Sgd shld/bnlokdwhsx ne sgd KFOr rbZkdr khmdZqkx hm sgd mtladq ne hmcdodmcdms uZqhZakdr:
hm rsZqj bnmsqZrs sn sgd bnlotsZshnmZkkx dwodmrhud btahb rbZkhmf ne bnmudmshnmZk FZtrrhZm oqnbdrrdr0
Sn hkktrsqZsd sgd ldsgnc: vd sqZhmdc Z KFO rtqqnfZsd lncdk nm sgd qZchZk chrsqhatshnm etmbshnm ne khpthc
mdnm Zmc nardqudc Z fl:659:999/enkc roddc/to bnloZqdc sn lnkdbtkZq cxmZlhbr rhltkZshnm: adZshmf
Z bnmudmshnmZk FO ax sgqdd nqcdqr/ne/lZfmhstcd0 Vd bnmbktcd sgZs KFOr Zqd qnatrs Zmc dezbhdms
rtqqnfZsd lncdkr: onhrdc sn dwoZmc sgd ZookhbZshnm ne AZxdrhZm hmedqdmbd hm lnkdbtkZq rhltkZshnmr sn
Z aqnZc rodbsqtl ne dwodqhldmsZk cZsZ0

fi Hmsqnctbshnm

LnkdbtkZq rhltkZshnmr Zqd Zakd sn drshlZsd Z aqnZc ZqqZx ne bnlokdw dwodqhldmsZk nardquZakdr: hmbktchmf rbZssdqhmf
oZssdqmr eqnl mdtsqnm Zmc W/qZx rntqbdr Zmc rodbsqZ eqnl mdZq/hmeqZqdc )fl[: sdqZgdqsy )1[: rtl eqdptdmbx fdmdqZshnm )2:
3[: Zmc mtbkdZq lZfmdshb qdrnmZmbd )4[0 Qdbdms hmsdqdrs hm sgdrd dwodqhldmsr sn rstcx gxcqnfdm anmchmf mdsvnqjr ne
vZsdq Zs hmsdqeZbdr )5: 6[: dkdbsqnkxsd rnktshnmr )7[: Zmc ahnknfhbZk rxrsdlr )8[ gZr lnshuZsdc sgd bnmshmtdc ZcuZmbdldms
ne rhltkZshnmr sn bZkbtkZsd sgdrd oqnodqshdr eqnl zqrs/oqhmbhokdr )fl9-fl1[0 Gnvdudq: sgd Zahkhsx sn drshlZsd sgdrd bnlokdw
oqnodqshdr bnldr vhsg Z ghfg bnlotsZshnmZk bnrs0 Sghr aZqqhdq fqdZskx khlhsr ntq Zahkhsx sn ptZmshex gnv dwodqhldmsZk:
lncdk: Zmc oZqZldsqhb tmbdqsZhmsx hloZbs lnkdbtkZq rhltkZshnm oqdchbshnmr: lZjhmf hs chezbtks sn jmnv vgdsgdq Z
lncdk hr Zm ZooqnoqhZsd qdoqdrdmsZshnm ne mZstqd nq he hs hr rhlokx nudq/zsshmf sn Z fhudm sqZhmhmf rds0 Sgdqdenqd: vgZs
hr mddcdc hr Z bnlotsZshnmZkkx dezbhdms Zmc qhfnqntr tmbdqsZhmsx ptZmshzbZshnm?oqnoZfZshnm –TP?O( ldsgnc sn khmj
lnkdbtkZq lncdkr sn kZqfd Zmc bnlokdw dwodqhldmsZk cZsZrdsr0

AZxdrhZm ldsgncr Zqd sgd fnkc rsZmcZqc enq sgdrd Zhlr )fl2[: vhsg dwZlokdr roZmmhmf eqnl mdtsqhmn Zmc cZqj lZssdq
cdsdbshnm )fl3[: lZsdqhZkr chrbnudqx Zmc bgZqZbsdqhyZshnm )fl4-fl7[: ptZmstl cxmZlhbr )fl8: 19[: sn lnkdbtkZq rhltkZshnm
)1fl-2fl[0 Sgd AZxdrhZm oqnaZahkhrshb eqZldvnqj hr Z qhfnqntr: rxrsdlZshb ZooqnZbg sn ptZmshex oqnaZahkhsx chrsqhatshnm
etmbshnmr nm lncdk oZqZldsdqr Zmc bqdchahkhsx hmsdquZkr nm lncdk oqdchbshnmr: dmZakhmf qnatrs Zmc qdkhZakd oZqZldsdq
noshlhyZshnm Zmc lncdk rdkdbshnm )21: 22[0 Hmsdqdrs hm AZxdrhZm ldsgncr Zmc tmbdqsZhmsx ptZmshzbZshnm enq lnkdbtkZq
rhltkZshnm gZr rtqfdc )23-28[ ctd sn hsr fidwhakd Zmc qdkhZakd drshlZshnm ne tmbdqsZhmsx: Zahkhsx sn hcdmshex vdZjmdrrdr nq
lhrrhmf ogxrhbr hm lnkdbtkZq lncdkr: Zmc rxrsdlZshbZkkx ptZmshex sgd bqdchahkhsx ne rhltkZshnm oqdchbshnmr0 ücchshnmZkkx:

ar
X

iv
:2

31
0.

19
10

8v
2 

 [p
hy

si
cs

.c
he

m
-p

h]
  1

 A
pr

 2
02

4



übbdkdqZsdc AZxdrhZm Hmedqdmbd enq LnkdbtkZq RhltkZshnmr trhmf KnbZk FZtrrhZm Oqnbdrr RtqqnfZsd Lncdkr

rsZmcZqc hmudqrd ldsgncr hmbktchmf qdkZshud dmsqnox lhmhlhyZshnm: hsdqZshud AnksylZmm hmudqrhnm: Zmc enqbd lZsbghmf
gZud addm rgnvm sn ad ZooqnwhlZshnmr sn Z lnqd fdmdqZk AZxdrhZm zdkc sgdnqx )39[0

Sgd ahffdrs oqnakdl okZfthmf AZxdrhZm hmedqdmbd hr hsr lZrrhud bnlotsZshnmZk bnrs0 Sgd svn lZinq ohmbg onhmsr Zqd –fl(
rZlokhmf hm ghfg/chldmrhnmZk roZbdr: bnllnmkx jmnvm Zr sgd ]btqrd ne chldmrhnmZkhsx]: Zmc –1( sgd kZqfd mtladq
ne lncdk duZktZshnmr qdpthqdc sn fds ZbbtqZsd tmbdqsZhmsx drshlZsdr0 Hm bnlotsZshnmZk bgdlhrsqx: sgdrd ansskdmdbjr
Zqd lZfmhzdc rhmbd sgdrd lncdkr Zqd sxohbZkkx dwodmrhud0 Sgdqdenqd: qhfnqntr Zmc ZbbtqZsd tmbdqsZhmsx drshlZshnm hr
bgZkkdmfhmf: nq dudm hlonrrhakd: vhsgnts ZbbdkdqZshmf sgd rhltkZshnm oqdchbshnm shld0 Nmd vZx sn Zbghdud sghr roddc/to
hr ax ZooqnwhlZshmf rhltkZshnm ntsotsr vhsg Zm hmdwodmrhud lZbghmd kdZqmhmf lncdk0 Sgdrd rn/bZkkdc rtqqnfZsd lncdkr
gZud addm cdudknodc eqnl mdtqZk mdsvnqjr )18: 3fl[: onkxmnlhZk bgZnr dwoZmrhnmr )31: 32[: bnmzftqZshnm/rZlokhmf/
aZrdc ldsgncr )33[ Zmc FZtrrhZm oqnbdrrdr )34-36[0

FZtrrhZm oqnbdrrdr –FOr( Zqd Z bnlodkkhmf bgnhbd Zr rtqqnfZsd lncdkr sgZmjr sn rdudqZk chrshmbs ZcuZmsZfdr0 FOr Zqd
mnm/oZqZldsqhb: jdqmdk/aZrdc etmbshnm ZooqnwhlZsnqr sgZs bZm hmsdqonkZsd etmbshnm uZktdr hm ghfg/chldmrhnmZk hmots
roZbdr0 FOr vhsg Zm ZooqnoqhZsdkx rdkdbsdc jdqmdk Zkrn gZud ZmZkxshbZk cdqhuZshudr Zmc Entqhdq sqZmrenqlr: lZjhmf sgdl
vdkk/rthsdc enq ogxrhbZk ptZmshshdr rtbg Zr onsdmshZk dmdqfx rtqeZbdr )37: 38[0 ücchshnmZkkx: jdqmdkr bZm dmbncd ogxrhbr/
hmenqldc oqhnq jmnvkdcfd: ZkkduhZshmf sgd ]akZbj anw] mZstqd hmgdqdms sn lZmx lZbghmd kdZqmhmf Zkfnqhsglr0 Hm eZbs: Z
bnloZqhrnm ne uZqhntr mnmkhmdZq qdfqdrrnqr enq lnkdbtkZq qdoqdrdmsZshnmr ne fqntmc/rsZsd dkdbsqnmhb oqnodqshdr hm nqfZmhb
lnkdbtkdr cdlnmrsqZsdc sgZs jdqmdk qdfqdrrnqr cqZrshbZkkx ntsodqenqldc nsgdq sdbgmhptdr: hmbktchmf bnmunktshnmZk fqZog
mdtqZk mdsvnqjr )49[0

OdqgZor sgd lnrs vhcdkx Zcnosdc ZookhbZshnm ne FO rtqqnfZsd lncdkr hm bnlotsZshnmZk bgdlhrsqx hr enq lncdk nosh/
lhyZshnm0 Hm sgd kZrs cdbZcd: FO rtqqnfZsdr ne rhlokd sgdqlnogxrhbZk oqnodqshdr hmbktchmf cdmrhsx: gdZs ne uZonqhyZshnm:
dmsgZkox: cheetrhuhsx Zmc oqdrrtqd gZud addm trdc enq enqbd zdkc cdrhfm )4fl-45[0 Gnvdudq: sn ntq jmnvkdcfd sgdqd Zqd mn
AZxdrhZm noshlhyZshnm rstchdr sgZs Zookx FO rtqqnfZsd lncdkr sn sgdqlnogxrhbZk oqnodqshdr vhsg lZmx hmcdodmcdms uZqh/
Zakdr: rtbg Zr rsqtbstqZk bnqqdkZshnm etmbshnmr nq dkdbsqnlZfmdshb rodbsqZ0 Hm sghr vnqj: hmcdodmcdms uZqhZakdr –HUr( Zqd
cdzmdc Zr sgd zwdc ptZmshshdr nudq vghbg Z ldZrtqdldms hr lZcd –d0f0 eqdptdmbhdr Zknmf Z rodbsqtl nq qZchZk onrhshnmr
Zknmf Z qZchZk chrsqhatshnm etmbshnm( Zmc sgd ntsbnldr ne sgnrd ldZrtqdldmsr Zqd qdedqqdc sn Zr ptZmshshdr/ne/hmsdqdrs
–PnHr(0

LdZrtqdldmsr ne bnlokdw PnHr vhsg lZmx HUr Zqd nesdm ZuZhkZakd nq dZrhkx nasZhmdc: xds Zqd qZqdkx hmbktcdc Zr
nardquZshnmr hm AZxdrhZm noshlhyZshnm ne lnkdbtkZq lncdkr0 Nmd qdZrnm vgx sghr lZx ad sgd bZrd hr sgZs oqduhntr
khsdqZstqd gZr mns ntskhmdc ZbbtqZsd Zmc qnatrs ZooqnZbgdr sn cdrhfm FZtrrhZm oqnbdrr rtqqnfZsdr enq rtbg cZsZ0 Enq
dwZlokd: ümfdkhjnontkntr Zmc bnvnqjdqr chc mns trd FO rtqqnfZsd lncdkr enq sgdhq AZxdrhZm ZmZkxrhr nm sgd qZchZk
chrsqhatshnm etmbshnm –QCE( ne khpthc üq )4fl[: cdrohsd sgd eZbs sgZs cnhmf rn vntkc rhfmhzbZmskx qdctbd bnlotsZshnm
shld0 Hs hr khjdkx sgZs FOr gZud mns addm oqduhntrkx trdc enq bnlokdw PnHr ctd sn ghfg sqZhmhmf Zmc duZktZshnm bnrsr0
RodbhzbZkkx: FOr gZud Z btahb shld/bnlokdwhsx hm sgd mtladq ne HUr: vghbg pthbjkx adbnldr oqnghahshudkx dwodmrhud
Zr dwodqhldmsZk ldZrtqdldmsr nasZhm ghfgdq qZmfdr Zmc qdrnktshnmr0

KnbZk FZtrrhZm oqnbdrrdr –KFOr( Zqd Zm dldqfhmf bkZrr ne ZbbdkdqZsdc FO ldsgncr sgZs Zqd vdkk/dpthoodc sn gZmckd
kZqfd rdsr ne dwodqhldmsZk cZsZ0 Sgdrd rn/bZkkdc ]fqddcx] FZtrrhZm oqnbdrr ZooqnwhlZshnmr Zqd bnmrsqtbsdc ax rdoZqZshmf
Z FO hmsn Z rtards ne FOr sqZhmdc Zs chrshmbs knbZshnmr hm sgd hmots roZbd )35: 46-48[0 BnlotsZshnm nm sgd KFO rtards
rbZkdr khmdZqkx vhsg sgd mtladq ne HUr: hr sqhuhZkkx oZqZkkdkhyZakd: Zmc dZrhkx hlokdldmsdc hm ghfg/odqenqlZmbd bnlotshmf
–GOB( Zqbghsdbstqdr )59: 5fl[0 RsZsd/ne/sgd/Zqs KFO lncdkr gZud addm trdc sn cdrhfm FZtrrhZm ZooqnwhlZshnm onsdmshZkr
–FüOr( )51[: Z sxod ne lZbghmd kdZqmhmf onsdmshZk trdc sn rstcx Zsnlhb )52-54[ Zmc dkdbsqnm rsqtbstqdr )51: 55[: Zr vdkk
Zr mtbkdZq lZfmdshb qdrnmZmbd bgdlhbZk rghesr )56[ vhsg tmbdqsZhmsx ptZmshzbZshnm )23[0 Gnvdudq: sn ntq jmnvkdcfd
KFOr gZud mns addm Zookhdc Zr rtqqnfZsd lncdkr enq TP?O nm bnlokdw dwodqhldmsZk cZsZ hm bnlotsZshnmZk bgdlhrsqx0

Hm sghr rstcx: vd cdsZhk Z rhlokd Zmc deedbshud rtqqnfZsd lncdkhmf ZooqnZbg enq bnlokdw dwodqhldmsZk nardquZakdr
bnllnm hm ogxrhbZk bgdlhrsqx0 KFOr tmknbj sgd bZoZahkhsx enq dwhrshmf AZxdrhZm noshlhyZshnm rbgdldr sn hmbnqonqZsd
bnlokdw cZsZ dezbhdmskx Zmc ZbbtqZsdkx Zs Z oqduhntrkx hmZbbdrrhakd bnlotsZshnmZk rbZkd0 Sgd jdx edZstqd ne sgd KFO
rtqqnfZsd lncdk hr sgd qdctbshnm hm shld/bnlokdwhsx vhsg qdrodbs sn sgd mtladq ne PnHr eqnl btahb sn khmdZq: qdrtkshmf hm
nqcdqr/ne/lZfmhstcd roddc/tor sn duZktZsd bnlokdw nardquZakd rtqqnfZsd lncdkr Zmc odqenql onrsdqhnq drshlZshnm0 Sgd
bnlotsZshnmZk roddc/to qdrtksr eqnl qdctbhmf sgd chldmrhnmZkhsx ne lZsqhw nodqZshnmr Zmc sgdqdenqd dmZakdr AZxdrhZm
TP?O nm dwodqhldmsZk cZsZ vhsg lZmx HUr0 Enq hkktrsqZshnm: bnmrhcdq sgZs Z sxohbZk Entqhdq sqZmrenqldc hmeqZqdc
rodbsqnrbnox –ES/HQ( ldZrtqdldms lZx bnmsZhm cZsZ adsvddm 3999/399 bl�fl Zs Z qdrnktshnm ne 1 bl�fl: fhuhmf Z snsZk
mtladq ne PnHr Zqntmc η + fl7990 übbnqchmf sn sgd shld/bnlokdwhsx rbZkhmf hm η : Z KFO hr drshlZsdc sn ZbbdkdqZsd sghr
bnlotsZshnm bnloZqdc sn Z rsZmcZqc FO ax ZooqnwhlZsdkx 2:139:999w0 Rntqbd bncd Zmc Z stsnqhZk nm athkchmf KFO
rtqqnfZsd lncdkr hr oqnuhcdc nm FhsGta0

Sn cdlnmrsqZsd sgd ldsgnc: vd sqZhmdc Z KFO rtqqnfZsd lncdk nm sgd QCE ne sgd –λ /5( Lhd fithc Zmc odqenqldc
AZxdrhZm noshlhyZshnm sn zs sgd oZqZldsdqr ne sgd Lhd fithc lncdk sn Z mdtsqnm rbZssdqhmf cdqhudc QCE enq khpthc mdnm
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–Md(0 Sgd KFO vZr entmc sn ZbbdkdqZsd sgd η + 62 hmcdodmcdms uZqhZakd rtqqnfZsd lncdk bZkbtkZshnm ZooqnwhlZsdkx
fl:659:999w eZrsdq sgZm lnkdbtkZq cxmZlhbr –LC( Zmc 1fl99w eZrsdq sgZm Z bnmudmshnmZk FO vhsg ZbbtqZbx bnloZqZakd sn
sgd tmbdqsZhmsx hm sgd qdonqsdc dwodqhldmsZk cZsZ0 AZxdrhZm onrsdqhnq chrsqhatshnmr vdqd sgdm bZkbtkZsdc vhsg LZqjnu
bgZhm Lnmsd BZqkn –LBLB( Zmc trdc sn cqZv bnmbktrhnmr nm lncdk adgZuhnq: tmbdqsZhmsx: Zmc ZcdptZbx0 Rtqoqhrhmfkx:
vd zmc duhcdmbd sgZs AZxdrhZm hmedqdmbd bnmchshnmdc nm sgd qZchZk chrsqhatshnm etmbshnm rhfmhzbZmskx bnmrsqZhmr sgd
–λ /5( Lhd oZqZldsdq roZbd: ghfgkhfgshmf noonqstmhshdr sn hloqnud enqbd zdkc noshlhyZshnm Zmc cdrhfm aZrdc nm mdtsqnm
rbZssdqhmf dwodqhldmsr0

1 BnlotsYshnmYk Ldsgncr

Hm sgd enkknvhmf rdbshnmr: Zm ntskhmd ne rsZmcZqc ZooqnZbgdr enq AZxdrhZm hmedqdmbd Zmc rtqqnfZsd lncdkhmf vhsg
FZtrrhZm oqnbdrrdr hr oqdrdmsdc0 Sgdm: vd cdrbqhad sgd knbZk FZtrrhZm oqnbdrr ZooqnwhlZshnm Zmc ghfgkhfgs jdx
cheedqdmbdr hm sgdhq hlokdldmsZshnm Zmc bnlotsZshnmZk rbZkhmf0

10fi AYxdrhYm Hmedqdmbd

AZxdr= kZv: cdqhudc eqnl sgd cdzmhshnm ne bnmchshnmZk oqnaZahkhsx: hr Z enqlZk rsZsdldms ne qduhrhmf nmd=r oqhnq adkhder
aZrdc nm mdv nardquZshnmr0 AZxdr= sgdnqdl enq Z fhudm lncdk: rds ne lncdk hmots oZqZldsdqr: θ : Zmc rds ne dwodqhldmsZk
PnHr: x: hr dwoqdrrdc Zr:

o�θ }x( ∝ o�x}θ (o�θ ( –fl(

vgdqd o�θ ( hr sgd =oqhnq= oqnaZahkhsx chrsqhatshnm nudq sgd lncdk oZqZldsdqr: o�x}θ ( hr sgd =khjdkhgnnc= ne nardquhmf
x fhudm oZqZldsdqr θ : Zmc o�θ }x( hr sgd =onrsdqhnq= oqnaZahkhsx sgZs sgd tmcdqkxhmf oZqZldsdq θ lncdkr nq dwokZhmr
sgd nardquZshnm x0 DptZkhsx gnkcr hm dp –fl( he sgd qhfgs/gZmc/rhcd hr mnqlZkhydc ax sgd =lZqfhmZk khjdkhgnnc=: o�x(: ats
hmbktchmf sghr sdql dwokhbhskx hr tmmdbdrrZqx rhmbd sgd onrsdqhnq oqnaZahkhsx chrsqhatshnm bZm ad mnqlZkhydc onrs gnb0 Hm
lnkdbtkZq rhltkZshnmr: θ hr sgd rds ne tmjmnvm oZqZldsdqr hm sgd rdkdbsdc lncdk: trtZkkx sgd enqbd zdkc oZqZldsdqr hm sgd
GZlhksnmhZm: sn sgd dwodqhldmsZk PnH sgZs sgd rhltkZshnm drshlZsdr0 Sgd nardquZshnmr: x: bZm ad Zmx PnH nq bnlahmZshnm
ne PnHr –d0f0 QCEr: rodbsqZ: cdmrhshdr: cheetrhuhshdr: dsb(0 Sghr bnmrsqtbshnm: jmnvm Zr sgd rsZmcZqc AZxdrhZm rbgdld: hr
fdmdqZkhyZakd sn Zmx ogxrhbZk lncdk Zmc hsr bnqqdronmchmf oZqZldsdqr hmbktchmf cdmrhsx etmbshnmZk sgdnqx –CES(: Va
hmhshn lnkdbtkZq cxmZlhbr –üHLC(: Zmc oZsg hmsdfqZk lnkdbtkZq cxmZlhbr –OHLC(0

BZkbtkZshmf sgd onrsdqhnq chrsqhatshnm sgdm itrs qdpthqdr oqdrbqhoshnm ne oqhnq chrsqhatshnmr nm sgd lncdk hmots oZqZldsdqr
Zmc duZktZshnm ne sgd khjdkhgnnc etmbshnm0 Hm sghr vnqj: FZtrrhZm chrsqhatshnmr Zqd trdc enq ansg sgd oqhnq Zmc khjdkhgnnc
etmbshnmr: vghbg hr Z rsZmcZqc bgnhbd Zbbnqchmf sn sgd bdmsqZk khlhs sgdnqdl0 Sgd FZtrrhZm khjdkhgnnc gZr sgd enql:

o�x}θ ( +

�
fl|
1µσm

η
dwo


� fl
1σ1m

η

∑
h+fl

=xθ �x[1


–1(

vgdqd η hr sgd mtladq ne nardquZakdr hm x: xθ hr sgd lncdk oqdchbsdc nardquZakdr Zs lncdk hmots θ : Zmc σm hr Z mthrZmbd
oZqZldsdq cdrbqhahmf sgd tmjmnvm uZqhZmbd ne sgd FZtrrhZm khjdkhgnnc0 BZhkkhdy Zmc bnvnqjdqr bgnnrd sgd mthrZmbd
oZqZldsdq Zr sgd rtl ne rhltkZshnm Zmc dwodqhldms uZqhZmbdr –σ1m ≈ σ1rhl)σ1dwo( )41[, gnvdudq: he sgdrd uZqhZmbdr Zqd
tmjmnvm nq nmd vhrgdr sn dwoknqd sgd chrsqhatshnm ne uZqhZmbdr: sgd mthrZmbd oZqZldsdq bZm ad hmedqqdc uhZ sgd AZxdrhZm
hmedqdmbd0 Gdmbd: sgd qdrtkshmf onrsdqhnq chrsqhatshnm nm sgd mthrZmbd oZqZldsdq hmbktcdr sgd tmjmnvm tmbdqsZhmsx
Zqhrhmf ctd sn sgd rtl ne sgd lncdk Zmc sgd dwodqhldmsZk uZqhZmbdr0 Hm sghr vnqj: sgd mthrZmbd oZqZldsdq hr sqdZsdc Zr
Zm tmjmnvm sn ad hmedqqdc Zknmf vhsg sgd dwokhbhs lncdk oZqZldsdqr0 Mnsd sgZs hm rnld bZrdr Z cheedqdms khjdkhgnnc
etmbshnm lZx ad lnqd ZooqnoqhZsd aZrdc nm ogxrhbr/hmenqldc oqhnq jmnvkdcfd ne sgd chrsqhatshnm ne sgd nardquZakd ne
hmsdqdrs –d0f0 sgd ltkshmnlhZk khjdkhgnnc hm qdkZshud dmsqnox lhmhlhyZshnm adsvddm bZmnmhbZk dmrdlakdr )57[(0

Sgd bnlotsZshnmZkkx dwodmrhud oZqs ne bZkbtkZshmf dp 1 hr cdsdqlhmhmf xθ Zs Z rtezbhdms mtladq ne onhmsr hm sgd
oZqZldsdq roZbd0 FdmdqZkkx: sghr bZm ad Zbghdudc ax bZkbtkZshmf xθ Zs cdmrd: dptZkkx roZbdc onhmsr hm sgd oZqZldsdq
roZbd ne hmsdqdrs –fqhc ldsgnc(: rZlokhmf sgd oZqZldsdq roZbd vhsg LZqjnu bgZhm Lnmsd BZqkn –LBLB( sn drshlZsd sgd
onrsdqhnq vhsg Z ghrsnfqZl –ZooqnwhlZsd rZlokhmf ldsgnc(: nq Zrrtlhmf sgZs sgd onrsdqhnq chrsqhatshnm gZr Z rodbhzb
etmbshnmZk enql –h0d0 KZokZbd ZooqnwhlZshnm(0 QdfZqckdrr ne sgd rdkdbsdc ldsgnc: dZbg ne sgdrd onrsdqhnq chrsqhatshnm
bgZqZbsdqhyZshnm sdbgmhptdr qdpthqd Z oqnghahshud mtladq ne lnkdbtkZq rhltkZshnmr sn ZcdptZsdkx rZlokd sgd oZqZldsdq
roZbd –nesdm nm sgd nqcdq ne fl94�fl95(: vghbg hr hmedZrhakd enq dudm lncdrs rhydc lnkdbtkZq rxrsdlr0

2
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101 FYtrrhYm Nqnbdrr RtqqnfYsd Lncdkr

FZtrrhZm oqnbdrrdr ZbbdkdqZsd sgd AZxdrhZm khjdkhgnnc duZktZshnm ax ZooqnwhlZshmf xθ vhsg Zm hmdwodmrhud lZsqhw
bZkbtkZshnm0 ü FZtrrhZm oqnbdrr hr Z rsnbgZrshb oqnbdrr rtbg sgZs dudqx zmhsd rds ne qZmcnl uZqhZakdr –onrhshnm: shld:
dsb( gZr Z ltkshuZqhZsd mnqlZk chrsqhatshnm )34[0 Sgd inhms chrsqhatshnm nudq Zkk qZmcnl uZqhZakdr hm sgd rxrsdl sgdqdenqd
cdzmdr Z etmbshnmZk oqnaZahkhsx chrsqhatshnm0 Sgd dwodbsZshnm ne sghr chrsqhatshnm lZor Z rds ne lncdk oZqZldsdqr: θ ∗:
Zmc HUr: q: sn sgd lnrs oqnaZakd PnH fhudm sgd lncdk oZqZldsdqr: R�q}θ ∗(: rtbg sgZs:

�=FO[ . θ ∗ × q → R�q}θ ∗( –2(

vgdqd sgd dwodbsZshnm nodqZsnq hr vqhssdm hm sdqlr ne Z jdqmdk lZsqhw: I: sqZhmhmf rds oZqZldsdq lZsqhw: ,W: Zmc sqZhmhmf
rds ntsots lZsqhw: ,X: Zbbnqchmf sn sgd dptZshnm:

�=FO�θ ∗.q([ +I�θ∗.q(. ,W=I,W. ,W)σ1mnhrdH[
�fl ,X –3(

vgdqd σ1mnhrd hr sgd uZqhZmbd ctd sn mnhrd Zmc H hr sgd hcdmshsx lZsqhw0 Mnsd sgZs hm fdmdqZk sgd HUr: q: bZm ad ltksh/
chldmrhnmZk0 ür Zm dwZlokd: bnmrhcdq sgd bZrd Z FO lZor Z rds ne enqbd zdkc oZqZldsdqr sn sgd ZmftkZq QCE ne Z
khpthc0 Vd mnv gZud Z 1/chldmrhnmZk roZbd ne HUr rhmbd sgd ZmftkZq QCE fhudr sgd Zsnlhb cdmrhsx Zknmf sgd qZchZk Zmc
ZmftkZq chldmrhnmr0 Hm sgd enkknvhmf lZsgdlZshbZk cdudknoldms: hs hr Zrrtldc sgZs sgd PnH hr fl/chldmrhnmZk enq rZjd ne
bnmudmhdmbd Zmc mnsd sgZs dwsdmchmf sgd ldsgnc sn ghfgdq/chldmrhnmZk nardquZakdr itrs qdpthqdr qdcdzmhmf sgd HUr hm
ZbbnqcZmbd vhsg dp –3(0

Sgd jdqmdk lZsqhw: I: ptZmshzdr sgd qdkZsdcmdrr adsvddm hmots oZqZldsdqr Zmc bZm ad rdkdbsdc aZrdc nm oqhnq jmnvkdcfd
ne sgd ogxrhbZk rxrsdl0 ü rsZmcZqc jdqmdk enq ogxrhbr/aZrdc ZookhbZshnmr hr sgd rptZqdc/dwonmdmshZk –nq qZchZk aZrhr
etmbshnm( rhmbd sgd qdrtkshmf FO hr hmzmhsdkx cheedqdmshZakd: rlnnsg: bnmshmtntr: Zmc gZr Zm ZmZkxshbZk Entqhdq sqZmrenql
)58[0 Sgd rptZqdc/dwonmdmshZk jdqmdk etmbshnm adsvddm hmots onhmsr �θl.ql( Zmc �θ m.qm( hr fhudm ax:

Jlm + �1 dwo
�
� �ql� qm(1

1>1q
�
chl�θ (

∑
n+fl

�θn.l�θn.m(
1

1>1θn


–4(

vgdqd n hmcdwdr nudq chl–θ ( Zmc sgd gxodqoZqZldsdqr �1 Zmc >� Zqd sgd jdqmdk uZqhZmbd Zmc bnqqdkZshnm kdmfsg rbZkd ne
oZqZldsdq �: qdrodbshudkx0 GxodqoZqZldsdq noshlhyZshnm bZm ad odqenqldc ax knf lZqfhmZk khjdkhgnnc lZwhlhyZshnm:
j/enkc bqnrr uZkhcZshnm )34[ nq lZqfhmZkhyZshnm vhsg Zm hmsdfqZsdc Zbpthrhshnm etmbshnm )69[: ats bZm ad bnlotsZshnmZkkx
dwodmrhud Zmc hr trtZkkx Zunhcdc he ZbbtqZsd drshlZsdr ne sgd gxodqoZqZldsdqr bZm ad lZcd eqnl oqhnq jmnvkdcfd ne sgd
bgdlhbZk rxrsdl0

Sn sqZhm Z rsZmcZqc FO rtqqnfZsd lncdk: M sqZhmhmf rZlokdr Zqd fdmdqZsdc hm sgd hmots oZqZldsdq roZbd Zmc Z lnkdbtkZq
rhltkZshnm hr odqenqldc enq dZbg sqZhmhmf rds rZlokd sn bZkbtkZsd M oqdchbshnmr nudq sgd mtladq ne sZqfds PnHr: η 0 Sgd
sqZhmhmf rds: ,W: hr sgdm Z –Mη × chl–θ ( @ fl( lZsqhw ne sgd enkknvhmf enql:

,W+





θfl.fl θ1.fl � � � qfl
θfl.fl θ1.fl � � � q1
000

000
000

000
θfl.fl θ1.fl � � � qη
θfl.1 θ1.1 � � � qfl
000

000
000

000
θfl.M θ1.M � � � qη





–5(

vgdqd sgd θh. i Zqd sgd hsg lncdk oZqZldsdq enq rZlokd hmcdw i Zmc qj Zqd sgd HUr ne sgd sZqfds PnH0 Mnsd sgZs sgd sqZhmhmf
rZlokd hmcdw: i + fl. ���.M: hr tocZsdc hm sgd lncdk oZqZldsdqr nmkx Zesdq η qnvr roZmmhmf sgd cnlZhm ne sgd nardquZakd:
fhuhmf Mη snsZk qnvr0 Sgdqdenqd: sgd sqZhmhmf rds lZsqhw qdoqdrdmsr Zkk onrrhakd bnlahmZshnmr ne sgd sqZhmhmf oZqZldsdqr
hm sgd θ oZqZldsdq hmots roZbd0 Sgd sqZhmhmf rds nardquZshnmr: ,X: Zqd Z –Mη × fl( bnktlm udbsnq ne sgd nardquZakd
ntsotsr eqnl sgd sqZhmhmf rds:

,X+ =R�θ fl.qfl(. ���.R�θ fl.qη(.R�θ 1.qfl(. ���.R�θM .qη([S –6(
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vgdqd R�θ i.qj( + x�θ i.qj(�µ oqhnq
FO �θ i.qj( hr sgd cheedqdmbd adsvddm sgd sqZhmhmf rds nardquZshnm ne lncdk oZqZldsdqr

θ i Zs HU qj Zmc Z FO oqhnq ldZm etmbshnm0 Ne bntqrd: sgd FO oqhnq ldZm: µ
oqhnq
FO : hr sgd rZld rgZod Zr sgd sqZhmhmf rds

nardquZshnmr lZsqhw:

µ oqhnq
FO .+ =µ�θ fl.qfl(. ���.µ�θ fl.qη(.µ�θ 1.qfl(. ���.µ�θM .qη([S –7(

vgdqd µ�θ i.qj( hr sgd FO oqhnq ldZm enq oZqZldsdq rds θ i Zs qj0 Mnsd sgZs sgd rdkdbshnm ne Z oqhnq ldZm bZm hloZbs sgd
ptZkhsx ne zs ne sgd FO rtqqnfZsd lncdk Zmc rgntkc qdfidbs ogxrhbZkkx itrshzdc oqhnq jmnvkdcfd ne sgd ogxrhbZk rxrsdl0

BnmbdostZkkx: rhmbd Z FZtrrhZm oqnbdrr hr Z AZxdrhZm lncdk: sgd oqhnq rdqudr Zr Z btqqdms rsZsd ne jmnvkdcfd sgZs bZm
dmbncd Zm hmhshZk ftdrr enq sgd PnH adenqd sgd FO rddr Zmx sqZhmhmf cZsZ0 Sgd rtasqZbshnm ne sgd FO oqhnq ldZm eqnl sgd
lncdk ntsots deedbshudkx rghesr sgd PnH ax sghr oqd/rodbhzdc ldZm etmbshnm0 Gdmbd: sgd FO hr sqZhmdc nm sgdrd ldZm
rghesdc nardquZshnmr qZsgdq sgZm sgd nardquZshnmr sgdlrdkudr0 üksgntfg rgheshmf sgd cZsZ ax Zmnsgdq etmbshnm rddlr khjd
hs rgntkcm=s bgZmfd sgd Zahkhsx ne sgd FO sn drshlZsd sgd PnH: hs ZbstZkkx bZm gZud Zm hlonqsZms hloZbs nm sgd rsnbgZrshb
oqnodqshdr ne sgd cZsZ Zr Z etmbshnm ne sgd HUr0 Ax bnmrsqtbshnm: FOr Zqd rsZshnmZqx: ldZmhmf sgZs sgd ldZmr: uZqhZmbdr:
Zmc bnuZqhZmbdr Zqd Zrrtldc sn ad dptZk Zknmf Zkk PnH0 Ats enq bnlokdw cZsZ: sghr hr nesdm mns sgd bZrd0 Enq dwZlokd: hs
hr jmnvm sgZs sgd QCE hr ydqn enq rlZkk q uZktdr Zmc gZr Zrxlosnshb sZhkhmf adgZuhnq sn tmhsx Zs knmf/qZmfd0 Sgd FO
oqhnq ldZm deedbshudkx rghesr sghr mnm/rsZshnmZqx cZsZ Zmc lZjdr hs adgZud Zr he hs vdqd rsZshnmZqx ax qdlnuhmf Zmx q
cdodmcdmbhdr0

Sgd dwodbsZshnm ne sgd FO enq Z mdv rds ne oZqZldsdqr: R∗�q}θ ∗(: hr sgdm Z –η w fl( bnktlm udbsnq bZkbtkZsdc vhsg dp –3(:

R∗�q}θ ∗( + =R∗�qfl}θ ∗(. ���.R∗�qη }θ ∗([S –8(

vgdqd R∗�q}θ ∗( hr sgd lnrs oqnaZakd cheedqdmbd etmbshnm adsvddm sgd lncdk Zmc FO oqhnq ldZm0 Gdmbd: sn nasZhm Z
bnloZqhrnm sn sgd dwodqhldmsZk PnH xnt rhlokx Zcc sgd FO oqhnq ldZm Zs θ ∗: µ∗.oqhnq

FO �θ ∗.q(: aZbj sn R∗�q}θ ∗(0

Sgd FO dwodbsZshnm bZkbtkZshnm hr atqcdmdc ax sgd hmudqrhnm ne sgd sqZhmhmf/sqZhmhmf jdqmdk lZsqhw vhsg N�M2η2( shld
bnlokdwhsx Zmc sgd –η × Mη( × –Mη × Mη( × –Mη × fl( lZsqhw oqnctbs vhsg N�M1η2( shld bnlokdwhsx0 Mnsd sgZs
sgdrd drshlZsdr Zqd enq mZhud lZsqhw ltkshokhbZshnm0 QdfZqckdrr: sgd btahb rbZkhmf hm η cnlhmZsdr sgd shld/bnlokdwhsx
enq nardquZakdr vhsg lZmx PnHr0 Enq dwZlokd: sn athkc Z FO rtqqnfZsd lncdk enq sgd cdmrhsx ne Z mnakd fZr –η + fl( vhsg
KdmmZqc/Inmdr hmsdqZbshnmr –chl–θ ( + 1( vntkc fhud Z sqZhmhmf rds lZsqhw ne –1M×2(0 RhlhkZqkx: Z rtqqnfZsd lncdk enq
Zm hmeqZqdc rodbsqtl ne vZsdq eqnl 599/3999 bl�fl Zs Z qdrnktshnm ne 3 bl�fl –η + 749( drshlZsdc vhsg Z 2 onhms vZsdq
lncdk ne KdmmZqc/Inmdr sxod hmsdqZbshnmr –chl–θ ( + 5( vntkc fdmdqZsd Z sqZhmhmf rds lZsqhw ne rhyd –749M × 6(0 BkdZqkx:
sgd bnlokdwhsx ne sgd ntsots PnH bZtrdr Z rhfmhzbZms hmbqdZrd hm sgd bnlotsZshnmZk bnrs ne sgd lZsqhw nodqZshnmr0

102 Sgd KnbYk FYtrrhYm Nqnbdrr RtqqnfYsd Lncdk

Sgd shld/bnlokdwhsx ne sgd sqZhmhmf/jdqmdk lZsqhw hmudqrhnm Zmc sgd lZsqhw oqnctbs bZm ad rtarsZmshZkkx qdctbdc ax
eqZfldmshmf sgd etkk FZtrrhZm oqnbdrr ne dp –3( hmsn η FZtrrhZm oqnbdrrdr0 Sghr ldsgnc hr Zkrn qdedqqdc sn Zr sgd
rtards ne qdfqdrrnqr ZooqnwhlZshnm )6fl[ Zmc hr bnmrhcdqdc Z ]fqddcx] ZooqnwhlZshnm )34[0 Tmcdq sghr bnmrsqtbshnm: Zm
hmchuhctZk FOj hr sqZhmdc sn lZo Z rds ne lncdk oZqZldsdqr sn Zm hmchuhctZk PnH:

�=FOj[ . θ → R�qj( –fl9(

vgdqd q hr mn knmfdq Zm hmots oZqZldsdq0 Sgd sqZhmhmf rds lZsqhw: ,W′: hr mnv Z –M × chl–θ (( lZsqhw:

,W′ +





θfl.fl θ1.fl � � �
θfl.1 θ1.1 � � �
000

000
000

θfl.M θ1.M � � �



 –flfl(

vghkd sgd sqZhmhmf rds nardquZshnmr: ,X′
j: hr Z –M × fl( bnktlm udbsnq ne sgd PnHr eqnl sgd sqZhmhmf rds Zs qj:

,X′
j + =R�θ fl.qj(. ���.R�θM .qj([S –fl1(

vgdqd R�θ i.qj( + x�θ i.qj(�µ oqhnq
KFO.j�qj( Zmc j hmcdwdr nudq HUr0 Sgd KFO oqhnq ldZm µ

oqhnq
KFO.j�qj( hr mnv:
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µ oqhnq
KFO.j .+ =µ�θ fl.qj(. ���.µ�θM .qj([S –fl2(

rtbg sgZs µ�θ i.qj( hr sgd FO oqhnq ldZm enq oZqZldsdq θ i Zs qj0 Sgd rptZqdc/dwonmdmshZk jdqmdk etmbshnm hr mnv:

Jlm + �1 dwo
�
�
chl�θ (

∑
n+fl

�θn.l�θn.m(
1

1>1θn


� –fl3(

Sgd KFO rtqqnfZsd lncdk dwodbsZshnm enq sgd nardquZakd Zs qj: Zs Z mdv rds ne oZqZldsdqr: θ ∗: hr itrs sgd dwodbsZshnm ne
sgd jsg FZtrrhZm oqnbdrr fhudm sgd sqZhmhmf rds cZsZ:

R∗knb�qj}θ ∗( + �=FOj�θ ∗([ +Iθ∗. ,W′ =I ,W′. ,W′ )σ1mnhrdH[
�fl ,X′

j –fl4(

Vd sgdm itrs bnlahmd sgd knbZk qdrtksr eqnl sgd rtards ne η FOr sn nasZhm Z oqdchbshnm enq sgd cheedqdmbd adsvddm sgd
lncdk Zmc KFO oqhnq ldZm:

R∗knb�q}θ ∗( + =R∗knb�qfl}θ ∗(. ���.R∗knb�qη }θ ∗([S � –fl5(

Zmc rtardptdmskx Zcc aZbj sgd KFO oqhnq ldZm sn nasZhm sgd drshlZsdc PnH: x∗knb�q}θ
∗( + R∗knb�q}θ

∗()µ oqhnq
KFO.j�θ

∗.q(0

Ax qdctbhmf sgd chldmrhnmZkhsx ne sgd qdkduZms lZsqhbdr: sgd shld bnlokdwhsx ne sgd lZsqhw bZkbtkZshnmr Zqd cqZrshbZkkx
qdctbdc bnloZqdc sn Z rsZmcZqc FO0 Sgd rhmfkd rsdo hmudqrhnm ne sgd sqZhmhmf/sqZhmhmf jdqmdk lZsqhw hr mnv neN�M2( shld
bnlokdwhsx vghkd sgd η rsdo –fl × M( × –M × M( × –M × fl( lZsqhw oqnctbsr Zqd qdctbdc sn N�M1η( shld bnlokdwhsx0
He sgd mtladq ne sqZhmhmf rZlokdr: M: sgd mtladq ne HUr: η : Zmc sgd mtladq ne lncdk duZktZshnmr: F: Zqd dptZk adsvddm
sgd etkk Zmc KFO Zkfnqhsglr: sgdm Z KFO ZooqnwhlZshnm qdctbdr sgd duZktZshnm shld bnlokdwhsx hm Z rsZmcZqc FO eqnl
btahb/rbZkhmf: η2: sn dlaZqqZrrhmfkx oZqZkkdkhyZakd khmdZq/rbZkhmf: η 0

Hm rtllZqx: Z knbZk FZtrrhZm oqnbdrr hr Zm ZooqnwhlZshnm hm vghbg sgd PnHr Zqd lncdkdc Zr hmcdodmcdms qZmcnl
uZqhZakdr: dZbg cdrbqhadc ax sgdhq nvm FZtrrhZm oqnbdrr0 Sghr Zlntmsr sn Zrrtlhmf sgZs sgd qZmcnl uZqhZakdr Zqd
rsnbgZrshbZkkx hmcdodmcdms0 Enq shld/hmcdodmcdms cZsZ hmbktchmf rbZssdqhmf ldZrtqdldmsr Zmc rodbsqnrbnox: sghr
ZooqnwhlZshnm hr ZooqnoqhZsd rhmbd dZbg nardquZshnm hr Zm hmcdodmcdms ldZrtqdldms Zs dZbg hmcdodmcdms uZqhZakd0
EhmZkkx: hs hr vdkk/drsZakhrgdc sgZs knv qZmj ZooqnwhlZshnmr ne FZtrrhZm oqnbdrrdr bZm bnloqnlhrd sgd ZbbtqZbx ne sgd
drshlZsdc tmbdqsZhmsx: rn sgd trd ne KFO qdfqdrrnqr rgntkc ad bZqdetkkx rbqtshmhydc aZrdc nm sgd qhrj?bnmrdptdmbdr ne
lhrqdoqdrdmshmf sgd qdrtkshmf etmbshnmZk chrsqhatshnmr0

Bnlokdw dwodqhldmsZk nardquZakdr bZm ad qdbnmrsqtbsdc ax sghr rds ne KFOr sgqntfg Z rdqhdr ne qdkZshudkx rsqZhfgsenqvZqc
lZsqhw nodqZshnmr vhsg khmdZq shld/bnlokdwhsx hm sgd mtladq ne HUr0 Etqsgdqlnqd: sgd KFO gZr Zkk ne sgd oqhlZqx
ZcuZmsZfdr ne AZxdrhZm ldsgncr: hmbktchmf athks/hm TP Zmc ZmZkxshbZk cdqhuZshudr Zmc Entqhdq sqZmrenqlr0 Hm sgd
enkknvhmf rdbshnm: vd cdlnmrsqZsd sgd bnlotsZshnmZk dmgZmbdldms Zmc ZbbtqZbx ne sgd KFO ZooqnZbg ax lncdkhmf sgd
QCE ne mdnm Zs 31J0 Sgd KFO rtqqnfZsd lncdk hr sgdm hlokdldmsdc vhsghm Z AZxdrhZm eqZldvnqj sn dwdlokhex sgd
onvdq ne TP?O enq lnkdbtkZq lncdkhmf0

2 � KnbYk FYtrrhYm Nqnbdrr RtqqnfYsd enq sgd PCE ne Khpthc Md

Sn dwoknqd sgd bnlotsZshnmZk ZcuZmsZfdr ne KFO rtqqnfZsd lncdkr enq AZxdrhZm hmedqdmbd: vd rstchdc sgd dwodqhldmsZk
QCE ne khpthc Md )61[ tmcdq Z –λ /5( Lhd fithc lncdk0 Sgd –λ /5( Lhd enqbd zdkc hr Z fidwhakd KdmmZqc/Inmdr sxod
onsdmshZk vhsg uZqhZakd qdotkrhud dwonmdms:

uLhd1 �q( +
λ

λ �5

�
λ
5

 5
λ�5

ε
�

σ
q

λ
�
�
σ
q

5
–fl6(

vgdqd λ hr sgd rgnqs/qZmfd qdotkrhnm dwonmdms: σ hr sgd bnkkhrhnm chZldsdq –�(: Zmc ε hr sgd chrodqrhnm dmdqfx –jbZk?lnk(
)62[0

LC rhltkZshnmr vdqd odqenqldc eqnl Z Rnank rZlokdc rds roZmmhmf Z oqhnq qZmfd aZrdc nm dwhrshmf enqbd zdkc lncdkr
)63-65[ –λ + =5�fl.fl7[: σ + =9�77.2�21[: Zmc ε + =9.9�fl25[( sn fdmdqZsd Z QCE sqZhmhmf rds lZsqhw ne sgd enql hm dp flfl0
Oqhnq oZqZldsdq qZmfdr vdqd rdkdbsdc rn sgZs sqZhmhmf rZlokdr vdqd qdrsqhbsdc sn sgd khpthc qdfhld ne sgd –λ /5( Lhd ogZrd
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SZakd fl. üudqZfd qdkZshud shld Zmc roddc/to sn PnH duZktZshnm Zmc sqZhmhmf rds lZsqhw hmudqrhnm enq Z rsZmcZqc Zmc knbZk
FZtrrhZm oqnbdrr enq 859 sqZhmhmf rZlokdr Zmc Z QCE vhsg η + 62 onhmsr0

Lncdk PnH DuZk0 Shld –r( Roddc To –s<srhl( Hmu0 Shld –r(
RhltkZshnm fl:14fl fl /
FO fl041 711 244
KFO 909996 fl:659:156 909fl

chZfqZl )66: 67[0 ü rdptdmshZk rZlokhmf ZooqnZbg vZr trdc hm vghbg vd Rnank rZlokd sgd oqhnq qZmfd ne oZqZldsdqr:
bZkbtkZsd sgd sqZhmhmf rZlokd vhsg sgd adrs/zs sn sgd dwodqhldmsZk cZsZ –knvdrs qnns ldZm rptZqdc dqqnq(: bdmsdq sgd mdv
roZbd nm sghr sqZhmhmf rZlokd: Zmc sgdm mZqqnv sgd rZlokd qZmfd Zqntmc sghr bdmsdq onhms ax Z trdq rdkdbsdc qZshn γ 0 Sghr
oqnbdctqd vZr qdodZsdc sgqdd shldr vhsg 219 rZlokdr odq qntmc –859 snsZk sqZhmhmf rhltkZshnmr( vhsg γ + 9�70 Sghr
qZshn vZr rdkdbsdc rn sgZs sgd zmZk qZmfd vntkc roZm ´2 rsZmcZqc cduhZshnmr ne sgd onrsdqhnq chrsqhatshnmr drshlZsdc hm
oqhnq khsdqZstqd )4fl: 64[0 Rtardptdmskx: 219 sdrs rhltkZshnmr vdqd qZmcnlkx rZlokdc eqnl sgd zmZk qZmfd Zmc trdc sn
cdsdqlhmd vgdsgdq nq mns sgd rtqqnfZsd lncdk oqnuhcdr ZbbtqZsd lncdk oqdchbshnmr0 ü uhrtZkhyZshnm ne sghr oqnbdctqd hr
oqnuhcdc hm sgd Rtoonqshmf HmenqlZshnm0

Sgd mtladq ne nardqudc onhmsr η hm sgd qZchZk chrsqhatshnm etmbshnm vZr bZkbtkZsdc ax chuhchmf sgd qdonqsdc qlVw�qlhm ≈
fl4�2 ax sgd deedbshud q/roZbd qdrnktshnm fhudm ax: �q + µ<PlVw: vgdqd �q + 9�1fl � enq qdonqsdc PlVw + fl4 �

�fl
0 Sghr

qdkZshnm hmchbZsdr sgZs sgd ZooqnoqhZsd mtladq ne nardqudc hmcdodmcdms q/uZktdr hm sgd QCE hr η + 620

Sgd sqZhmhmf rds lZsqhw Zmc sqZhmhmf nardquZshnm lZsqhw vdqd sgdm bnmrsqtbsdc eqnl sgd 859 sqZhmhmf rZlokdr Zbbnqchmf
sn dpr –flfl( Zmc –fl1(: qdrodbshudkx0 ür Z oqhnq ldZm: vd rdkdbsdc sgd QCE cdsdqlhmdc ZmZkxshbZkkx eqnl sgd chktsd khlhs
onsdmshZk ne ldZm enqbd –OLE(:

µ oqhnq
OLE.j�θ i.qj( .+ f�θ i.qj( + dwo =�βU �θ i.qj([ –fl7(

vgdqd f�θ i.qj( Zmc U �θ i.qj( Zqd sgd ZmZkxshbZk chktsd khlhs QCE Zmc –λ /5( Lhd onsdmshZk enq oZqZldsdqr θ i Zs qj:
qdrodbshudkx0 ü OLE oqhnq ldZm xhdkcr ogxrhbZkkx qdZkhrshb rgnqs/qZmfd –f�q( + 9( Zmc knmf/qZmfd adgZuhnq –f�q( → fl(0
Sgd OLE oqhnq gZc hloqnudc QLRD bnloZqdc sn Zm hcdZk fZr oqhnq –∀q ∈ E)

9 : f�q( + fl(: ats sghr cheedqdmbd chc
mns rhfmhzbZmskx hloZbs sgd AZxdrhZm onrsdqhnq drshlZsd –rdd Rtoonqshmf HmenqlZshnm(0 EhmZkkx: KFO gxodqoZqZldsdq
noshlhyZshnm vZr odqenqldc trhmf aqtsd enqbd sn lZwhlhyd sgd knf/lZqfhmZk khjdkhgnnc )68[ nudq sgd sqZhmhmf rds0

PtZmshsZshud ZmZkxrhr ne lncdk rdmrhshuhsx bZm ad odqenqldc vhsg oqnaZahkhrshb cdqhuZshudr ne sgd PnH vhsg qdrodbs sn
lncdk oZqZldsdqr –rdd Rtoonqshmf HmenqlZshnm( Zmc rtardptdmskx qdkZsdc sn sdlodqZstqd cdqhuZshudr ne qZchZk chrsqhatshnm
etmbshnmr )79[0

20fi BnlotsYshnmYk Dezbhdmbx Ymc �bbtqYbx

Mnv sgZs vd gZud bnmrsqtbsdc sgd sqZhmhmf rds lZsqhw: vd rhlokx duZktZsd sgd dwodbsZshnm Zs dZbg qj Zbbnqchmf sn dp
–fl4( Zmc bnlahmd sgd qdrtksr hmsn Z rhmfkd ZqqZx Zr hm dp –fl5(0 Sgd ZudqZfd bnlotsZshnmZk shld sn hmudqs sgd sqZhmhmf
rds lZsqhw Zmc duZktZsd sgd rtqqnfZsd lncdk enq ansg Z rsZmcZqc FO Zmc KFO Zqd rgnvm adknv hm SZakd fl0 Sgd KFO
rtqqnfZsd ZbbdkdqZsdr sgd QCE duZktZshnm shld bnloZqdc sn lnkdbtkZq cxmZlhbr ax Z eZbsnq ne fl:699:999 enq sgd η + 62
hmcdodmcdms uZqhZakd PnH vhsg 859 sqZhmhmf rhltkZshnmr0 Sghr 5 nqcdqr/ne/lZfmhstcd roddc/to adZsr Z rsZmcZqc FO ax 2
nqcdqr/ne/lZfmhstcd –1fl3flw(0 Vhsg qdrodbs sn sgd sqZhmhmf/sqZhmhmf jdqmdk lZsqhw hmudqrhnm: sgd KFO vhmr nts nm sgd
rsZmcZqc FO ax Z eZbsnq ne 2fl:4540

Hm rtllZqx: sgd KFO rhfmhzbZmskx ZbbdkdqZsdr ansg bnlotsZshnmZk ansskdmdbjr enq FZtrrhZm oqnbdrr rtqqnfZsd lncdkhmf,
mZldkx: sgd sqZhmhmf rds lZsqhw hmudqrhnm Zmc rtqqnfZsd lncdk duZktZshnm shld0 Ne bntqrd: sgd dwZbs roddc/tor cdodmc
nm mtldqntr eZbsnqr hmbktchmf sgd mtladq ne HUr η : sgd mtladq ne sqZhmhmf rZlokdr trdc sn bnmrsqtbs sgd sqZhmhmf rds
lZsqhw M: sgd kdudk ne bncd oZqZkkdkhyZshnm: Zmc gxodqoZqZldsdq noshlhyZshnm oqnbdctqd0 Vghbg rsdo hr qZsd khlhshmf
cdodmcr nm sgd rtqqnfZsd lncdkhmf ZookhbZshnm0 Enq hmrsZmbd: he sgd rtqqnfZsd lncdk cndrm=s mddc sn ad duZktZsdc Z
kZqfd mtladq ne shldr: sgd sqZhmhmf rds fdmdqZshnm: lZsqhw hmudqrhnm Zmc gxodqoZqZldsdq noshlhyZshnm vhkk ad sgd qZsd
khlhshmf rsdor0 Nm sgd nsgdq gZmc: ZookhbZshnmr sgZs qdpthqd Z kZqfd mtladq ne lncdk duZktZshnmr: rtbg Zr tmbdqsZhmsx
ptZmshzbZshnm Zmc oqnoZfZshnm: qdrtks hm sgd rtqqnfZsd lncdk duZktZshnm shld adhmf qZsd khlhshmf0 SxohbZkkx: cdrhfmhmf Z
rtqqnfZsd lncdk hr nmkx mdbdrrZqx hm sgd kZssdq bZrd0

BkdZqkx sgd KFO hr eZrs: ats hr hs ZbbtqZsd; Hm nsgdq vnqcr: cndr sgd KFO oqnuhcd PnH oqdchbshnmr sgZs Zqd vhsghm Z
qdZrnmZakd kdudk ne ZbbtqZbx sn rdqud Zr Z sqtd rtqqnfZsd lncdk enq sgd lnkdbtkZq cxmZlhbr oqdchbshnmr; Sn duZktZsd sgd
ZbbtqZbx ne sgd knbZk oqdchbshnmr: Z sdrs rds ne 219 –λ /5( Lhd oZqZldsdqr vZr qZmcnlkx rZlokdc eqnl sgd zmZk qZmfd ne
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sgd rdptdmshZk rZlokhmf ldsgnc –rdd Rtoonqshmf HmenqlZshnm( Zmc sgd QLRD bnlotsdc adsvddm rhltkZsdc Zmc KFO
oqdchbsdc qZchZk chrsqhatshnm etmbshnmr Zknmf Zkk qZchZk onrhshnmr: q0 Sgd qdrtksr Zqd rtllZqhydc adknv hm Ehftqd fl0

Ehftqd fl. –Z(/–b( Sdrs rds rZlokdr nudq dZbg oZqZldsdq oknssdc ZfZhmrs sgd QLRD adsvddm rhltkZsdc Zmc KFO cZsZ0 –c(
üudqZfd QLRD nudq sgd 219 sdrs rds rZlokdr Zr Z etmbshnm ne q0 Sgd cZrgdc khmd qdoqdrdmsr sgd qdonqsdc dqqnq eqnl sgd
dwodqhldms )61[0

Sgd QLRD enq Zkk qZchZk onrhshnmr hr kdrr sgZm 9092: vghbg hr dwbdkkdms bnmrhcdqhmf sgZs sghr dqqnq hr rlZkkdq sgZm sgd
qdonqsdc dwodqhldmsZk tmbdqsZhmsx –±9092(0 Ne bntqrd: sgd ZbbdosZakd QLRD nudq sgd PnH hr trdq/cdzmdc Zmc kZqfdkx
rtaidbshud aZrdc nm sgd rtqqnfZsd lncdk ZookhbZshnm: ats bZm ad hloqnudc vhsg ZcchshnmZk sqZhmhmf Zmc gxodqoZqZldsdq
noshlhyZshnm he mdbdrrZqx –Zm dwZlokd hr hmbktcdc hm sgd Rtoonqshmf HmenqlZshnm(0

201 KdYqmhmf eqnl sgd Md PCE RtqqnfYsd Lncdk vhsg AYxdrhYm �mYkxrhr

Ntq eZrs Zmc ZbbtqZsd KFO rtqqnfZsd lncdk mnv Zkknvr tr sn dwoknqd sgd tmcdqkxhmf oqnaZahkhsx chrsqhatshnmr nm sgd
–λ /5( Lhd oZqZldsdq roZbd0 Sghr dwZlokd hr oqnuhcdc sn rgnv gnv nmd bZm trd AZxdrhZm ZmZkxrhr sn kdZqm Zants
bnqqdkZshnmr Zmc qdkZshnmrghor adsvddm lncdk oZqZldsdqr Zr vdkk Zr lncdk ZcdptZbx0 Sghr ZmZkxrhr bZm oqnuhcd qnatrs
hmrhfgs hmsn sgd mZstqd ne sgd lncdk Zmc oqnuhcd ptZmshzZakd duhcdmbd enq vgdsgdq nq mns sgd lncdk hr ZooqnoqhZsd enq Z
sZqfds ZookhbZshnm0 AZxdrhZm hmedqdmbd xhdkcr Z oqnaZahkhsx chrsqhatshnm etmbshnm nudq sgd lncdk oZqZldsdqr bZkkdc sgd
inhms onrsdqhnq oqnaZahkhsx chrsqhatshnm0 Sgd lZwhltl ne sgd inhms onrsdqhnq: qdedqqdc sn Zr sgd lVwhltl V onrsdqhnqh
–L�O(: qdoqdrdmsr sgd rds ne oZqZldsdqr vhsg sgd ghfgdrs oqnaZahkhsx ne dwokZhmhmf sgd fhudm dwodqhldmsZk cZsZ0 Hm
enqbd zdkc cdrhfm: sgd L�O vntkc ad Zm ZooqnoqhZsd bgnhbd enq Zm noshlZk rds ne lncdk oZqZldsdqr0 Gnvdudq: sgd
onvdq ne sgd AZxdrhZm ZooqnZbg khdr hm sgd eZbs sgZs: mns nmkx bZm vd hcdmshex sgd noshlZk oZqZldsdqr: ats vd bZm Zkrn
dwZlhmd sgd oqnaZahkhsx chrsqhatshnm ne sgd oZqZldsdqr Zqntmc sgdrd noshlZ0 Enq hmrsZmbd: sgd vhcsg ne sgd chrsqhatshnm
oqnuhcdr duhcdmbd enq gnv hlonqsZms Z oZqZldsdq hm sgd lncdk hr enq qdoqdrdmshmf sgd sZqfds cZsZ0 Enq Z fhudm oZqZldsdq:
Z vhcd chrsqhatshnm hmchbZsdr sgZs sgd oZqZldsdq gZr khsskd hmfitdmbd nm sgd lncdk oqdchbshnm0 Nm sgd nsgdq gZmc: Z mZqqnv
chrsqhatshnm hmchbZsdr sgZs sgd oZqZldsdq hr bqhshbZk sn sgd lncdk oqdchbshnm0 ücchshnmZkkx: sgd inhms onrsdqhnq lZx dwghahs
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ltkshokd odZjr: nq lncdr0 ü ltkshlncZk inhms onrsdqhnq rtffdrsr sgZs sgdqd Zqd ltkshokd rdsr ne lncdk oZqZldsdqr sgZs
qdoqnctbd sgd sZqfds cZsZ: vghbg lZx ad Z rxlosnl ne lncdk hmZcdptZbx0 EhmZkkx: sgd rxlldsqx ne sgd chrsqhatshnm
oqnuhcdr hmenqlZshnm nm qdkZshnmrghor Zmc bnqqdkZshnmr adsvddm oZqZldsdqr: oqnuhchmf Z eqZldvnqj sn chZfmnrd rtaskd
qdkZshnmrghor sgZs lZx nsgdqvhrd fn tmmnshbdc0

TrtZkkx: sgd inhms onrsdqhnq chrsqhatshnm hr Z ghfg/chldmrhnmZk ptZmshsx sgZs bZmmns ad uhrtZkhydc chqdbskx0 Gnvdudq: vd
bZm uhrtZkhyd sgd inhms onrsdqhnq Zknmf nmd chldmrhnm ax hmsdfqZshmf nts sgd bnmsqhatshnmr nudq Zkk nsgdq oZqZldsdqr0 Sgd
qdrtkshmf chrsqhatshnmr Zqd bZkkdc lZqfhmZk chrsqhatshnmr0 LZqfhmZk chrsqhatshnmr bnlotsdc nudq sgd –λ /5( Lhd onsdmshZk
oZqZldsdqr noshlhydc sn sgd QCE ne khpthc Md Zqd rgnvm hm Ehftqd 10

Ehftqd 1. –ChZfnmZk( flC lZqfhmZk chrsqhatshnmr enq sgd –λ /5( Lhd fithc oZqZldsdqr0 Oqhnq chrsqhatshnmr Zqd mns cdohbsdc
rhmbd sgdx Zqd fiZs khmdr mdZq 9 oqnaZahkhsx0 Xdkknv udqshbZk khmdr qdoqdrdms sgd lVwhltl V onrsdqhnq –L�O( drshlZsd0
–Nee/ChZfnmZk( 1C lZqfhmZk ghrsnfqZlr rgnvhmf oZqZldsdq bnqqdkZshnmr0

Enq dZbg oZqZldsdq: sgd qdrtkshmf lZqfhmZk onrsdqhnq chrsqhatshnmr Zqd tmhlncZk Zmc rxlldsqhb0 Sghr qdrtks hr mns
rtqoqhrhmf hm sgd bnmsdws ne qdbdms qdrtksr sgZs rgnv hsdqZshud AnksylZmm hmudqrhnm: vghbg hr Z lZwhltl khjdkhgnnc
ZooqnZbg sn sgd rsqtbstqZk hmudqrd oqnakdl: hr bnmudw enq KdmmZqc/Inmdr sxod fithcr )7fl[0 Nardquhmf sgd 1C lZqfhmZk
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chrsqhatshnmr hm Ehftqd 1: vd bZm Zkrn rdd sgZs dZbg ne sgd oZqZldsdqr Zqd bnqqdkZsdc sn nmd nsgdq0 Enq dwZlokd: sgd
mdfZshud bnqqdkZshnm adsvddm σ Zmc ε rtffdrsr sgZs hmbqdZrhmf sgd rhyd ne sgd oZqshbkd rgntkc ad ZbbnloZmhdc ax Z
cdbqdZrd hm sgd deedbshud oZqshbkd ZssqZbshnm0 BnmbdostZkkx sghr lZjdr rdmrd: he sgd oZqshbkdr Zqd kZqfdq: sgdm sgdx vntkc
mddc sn gZud Z vdZjdq ZssqZbshud enqbd sn fhud sgd rZld Zsnlhb rsqtbstqd0 Sghr qdrtks hr bnmrhrsdms vhsg AZxdrhZm ZmZkxrhr
nm khpthc üq )4fl[0 Sgd mthrZmbd oZqZldsdq chrsqhatshnm rgnvr sgZs sgd tmjmnvm rsZmcZqc cduhZshnm adsvddm sgd KFO
rtqqnfZsd lncdk Zmc sgd dwodqhldmsZk cZsZ hr Zqntmc 909fl50

Nmd rtqoqhrhmf bgZqZbsdqhrshb ne sgd onrsdqhnq chrsqhatshnm hr sgZs hs hr dwsqdldkx mZqqnv0 QdbZkk sgZs mZqqnv chrsqhatshnmr
hmchbZsd sgZs sgd oZqZldsdqr Zqd hlonqsZms: nq gZud shfgs bnmsqnk: nudq sgd lncdk ptZkhsx/ne/zs sn sgd dwodqhldmsZk
cZsZ0 Eqnl ntq AZxdrhZm ZmZkxrhr: vd bZm sgdqdenqd bnmzcdmskx bnmbktcd sgZs cdsZhkdc hmsdqZsnlhb enqbd hmenqlZshnm hr
bnmsZhmdc vhsghm sgd dwodqhldmsZk QCE0 Sghr nardquZshnm hr hm rsZqj bnmsqZrs sn nudq 59 xdZqr ne oqhnq khsdqZstqd vghbg
gZr tmZmhlntrkx Zrrdqsdc sgZs nmkx sgd dwbktcdc unktld nq bnkkhrhnm chZldsdq bZm ad ZrbdqsZhmdc eqnl dwodqhldmsZk
rbZssdqhmf cZsZ )71-73[0 Hm eZbs: sgd AZxdrhZm ZmZkxrhr rgnvr sgZs hs hr onrrhakd sn cdsdqlhmd uZktdr enq λ : σ : Zmc ε
vhsghm ±1: ±9�91�: Zmc ±9�9964 jbZk?lnk vhsg 84’ bdqsZhmsx0 Sghr qdrtks kdZcr sn svn hlonqsZms bnmbktrhnmr. –fl(
RbZssdqhmf cZsZ bZm deedbshudkx bnmrsqZhm sgd enqbd zdkc lncdk oZqZldsdq roZbd Zmc –1( sgd cZsZ ltrs ad rtezbhdmskx
ZbbtqZsd sn cn rn0 Sgdrd qdrtksr oqnuhcd duhcdmbd sgZs rbZssdqhmf cZsZ bntkc ad hmuZktZakd sn hmenql ZbbtqZsd enqbd zdkcr:
oZqshbtkZqkx enq rsqtbstqd Zmc rdke/Zrrdlakx ZookhbZshnmr0

Sgd inhms onrsdqhnq bZm Zkrn ad trdc enq lncdk oZqZldsdq rdkdbshnm fhudm sgd dwodqhldmsZk nardquZshnm0 RodbhzbZkkx: sgd
noshlZk oZqZldsdqr Zqd fhudm ax sgd L�O: bnqqdronmchmf sn sgd lZwhltl ne sgd inhms onrsdqhnq chrsqhatshnm0 Sgd L�O
hr oqdrdmsdc hm SZakd 1 Zknmf vhsg svn nsgdq dwhrshmf enqbd zdkcr enq khpthc Md0

SZakd 1. RtllZqx ne –λ �5(Lhd onsdmshZk oZqZldsdqr noshlhydc enq Md0 UZktdr enq sgd qdotkrhud dwonmdms oZqZldsdq
Zqd qntmcdc sn sgd mdZqdrs hmsdfdq0

Enqbd Ehdkc PnH λ σ –�( ε –jbZk?lnk(
Lhbj –19fl4( UKD flfl 10683 90953
RNOQ –1911( QCE flfl 10667 90952
Sghr Vnqj QCE flfl 10662 90953

Sgd drshlZsdc Lhd oZqZldsdqr Zqd hm Zfqddldms vhsg sgd Lhbj )64[ Zmc rsqtbstqd noshlhydc onsdmshZk qdzmdldms –RNOQ(
)65[ lncdkr0 Sghr qdrtks bnmzqlr sgZs sgd qZchZk chrsqhatshnm etmbshnm bnmsZhmr rtezbhdms hmenqlZshnm sn cdsdqlhmd
sqZmredqZakd enqbd zdkc oZqZldsdqr hm rhlokd khpthcr0

Rnld hmsdqdrshmf ptdrshnmr Zqhrd bnmrhcdqhmf sgZs ansg sgd Lhd fithc lncdk Zmc RNOQ: vghbg hr Z oqnaZahkhrshb hsdqZshud
AnksylZmm ldsgnc enq dwodqhldmsZk rbZssdqhmf cZsZ: fhud rhlhkZq oqdchbshnmr enq sgd rsqtbstqd/noshlhydc onsdmshZkr0 Sgd
jdx cheedqdmbd adsvddm sgd AZxdrhZm noshlhyZshnm odqenqldc hm sghr vnqj Zmc RNOQ hr sgZs sgd enqldq hr oZqZldsqhb
vghkd sgd kZssdq hr mnm/oZqZldsqhb: ansg ne vghbg gZud rsqdmfsgr Zmc vdZjmdrrdr0 RodbhzbZkkx: oZqZldsqhb lncdkr Zqd
kdrr bnlokdw ats lZx mns ad fidwhakd dmntfg sn cdrbqhad rtaskd cdsZhkr ne sgd dwodqhldmsZk nardquZshnm0 Nm sgd nsgdq
gZmc: mnm/oZqZldsqhb lncdkr bZm cdrbqhad mtZmbdc dwodqhldmsr ats lZx nudq/zs sn mnm/ogxrhbZk edZstqdr ne sgd cZsZ0 Hs
hr sgdm mZstqZk sn vnmcdq. Hr Z –λ /5( Lhd lncdk ZcdptZsd sn cdrbqhad sgd dwodqhldmsZk rbZssdqhmf cZsZ; Nq cndr sgd
rbZssdqhmf cZsZ bnlokdwhsx mdbdrrhsZsd sgd trd ne mnm/oZqZldsqhb hsdqZshud onsdmshZk qdzmdldms sdbgmhptdr khjd RNOQ;

Vd bZm hmudrshfZsd sgd zqrs ptdrshnm ne lncdk ZcdptZbx ax oqnoZfZshmf oZqZldsdq tmbdqsZhmsx sgqntfg sgd KFO sn
bnmrsqtbs Z chrsqhatshnm ne QCE oqdchbshnmr / qdedqqdc sn Zr sgd onrsdqhnq oqdchbshud0 Sgd onrsdqhnq oqdchbshud bZm ad
drshlZsdc ax duZktZshmf sgd KFO enq Zkk LBLB rZlokdr Zmc bnlotshmf sgd ldZm:

�=R∗knb�qj([ ≈
fl
M

M

∑
h+fl

R∗knb�qj}θ h( –fl8(

Zmc uZqhZmbd:

R=R∗knb�qj([ ≈
fl
M

M

∑
h+fl

�R∗knb�qj}θ h(��=R∗knb�qj([(
1 –19(

ne sgd qdrtkshmf PnH oqdchbshnmr0 QdbZkk sgZs sgd mthrZmbd oZqZldsdq chrsqhatshnm hr Zkrn rZlokdc sn Zbbntms enq tmjmnvm
tmbdqsZhmshdr hm sgd KFO rtqqnfZsd lncdk Zmc dwodqhldmsZk cZsZ0 Sgd onrsdqhnq oqdchbshud sgdqdenqd ptZmshzdr ne
gnv ZbbtqZsdkx vd jmnv sgd PnH fhudm dwodqhldmsZk: lncdk: Zmc oZqZldsqhb tmbdqsZhmsx drshlZsdc vhsg AZxdrhZm
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hmedqdmbd0 He sgd lncdk hr ZcdptZsd: sgd AZxdrhZm bqdchahkhsx hmsdquZk –µ±1σ ( rgntkc bnmsZhm ZooqnwhlZsdkx 84’ ne sgd
dwodqhldmsZk cZsZ0 Sgd onrsdqhnq oqdchbshud Zmc qdrhctZkr –fdwo�q(�µ�q(( drshlZsdc enq sgd khpthc Md QCE Zqd rgnvm hm
Ehftqd 20

Ehftqd 2. –Z( QCE ldZm Zmc bqdchahkhsx hmsdquZk oqnoZfZsdc eqnl sgd oZqZldsdq tmbdqsZhmsx ptZmshzdc vhsg AZxdrhZm
hmedqdmbd0 –a( QdrhctZk ZmZkxrhr bnloZqhmf sgd dwodqhldmsZk cZsZ vhsg sgd onrsdqhnq oqdchbshud chrsqhatshnm0

BkdZqkx: sgd Zfqddldms adsvddm sgd onrsdqhnq oqdchbshud ldZm Zmc sgd dwodqhldmsZk cZsZ hr dwbdkkdms0 Gnvdudq: sgd
qdrhctZkr nesdm khd ntsrhcd ne sgd 1σonrs bqdchahkhsx hmsdquZk0 Sgdrd cheedqdmbdr adsvddm sgd dwodqhldms Zmc lncdk bntkc
ad dwokZhmdc ax Z mtladq ne cheedqdms eZbsnqr: hmbktchmf dqqnqr Zqhrhmf eqnl Entqhdq sqZmrenql sqtmbZshnm: aZbjfqntmc
rbZssdqhmf bnqqdbshnmr nq lncdk hmZcdptZbx: Zlnmf nsgdqr0 Gnvdudq: vhsgnts qhfnqntr tmbdqsZhmsx ptZmshzbZshnm nm sgd
dwodqhldmsZk rbZssdqhmf cZsZ: hs hr btqqdmskx mns onrrhakd sn cdsdqlhmd vghbg eZbsnq nq bnlahmZshnm ne eZbsnqr qdrtksr
hm sgd lncdk chrZfqddldms0 Vd Zqftd sgZs sghr jmnvkdcfd fZo mdbdrrhsZsdr qhfnqntr TP?O rstchdr nm rbZssdqhmf cZsZ
Zr vdkk Zr hsdqZshud onsdmshZk qdzmdldms ldsgncr0 Bnlahmhmf sgdrd ZooqnZbgdr vhsg AZxdrhZm hmedqdmbd nm lnkdbtkZq
cxmZlhbr lncdkr bntkc sgdm rgdc khfgs nm vgZs ogxrhbZk hmsdqZbshnmr bZm ad kdZqmdc eqnl rbZssdqhmf dwodqhldmsr0

Hm rtllZqx: vd gZud rgnvm sgZs Z KFO rtqqnfZsd lncdk dmZakdr qZohc Zmc ZbbtqZsd tmbdqsZhmsx ptZmshzbZshnm Zmc
oqnoZfZshnm vhsg AZxdrhZm hmedqdmbd0 Vd sgdm rgnvdc gnv sgd onrsdqhnq chrsqhatshnm hr Zm hmchrodmrZakd snnk sn kdZqm

flfl
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rtaskd qdkZshnmrghor adsvddm lncdk oZqZldsdqr: hcdmshex gnv hlonqsZms dZbg lncdk oZqZldsdq hr sn cdrbqhad sgd ntsbnld
ne dwodqhldmsr: Zmc ptZmshex ntq cdfqdd ne adkhde sgZs ntq lncdk ZcdptZsdkx cdrbqhadr ntq nardquZshnmr0 Sgd onvdq ne
AZxdrhZm hmedqdmbd hr duhcdms0

3 Bnmbktrhnmr

Vd gZud rgnvm sgZs knbZk FZtrrhZm oqnbdrr rtqqnfZsd lncdkr sqZhmdc nm Zm dwodqhldmsZk QCE ne khpthc mdnm hloqnudr
sgd bnlotsZshnmZk roddc ne PnH oqdchbshnm fl:659:999/enkc vhsg dwbdoshnmZk ZbbtqZbx eqnl nmkx 859 sqZhmhmf rhltkZshnmr0
Sgd 2 nqcdqr/ne/lZfmhstcd duZktZshnm shld roddc/to enq Z knbZk udqrtr rsZmcZqc FZtrrhZm oqnbdrr vZr rgnvm sn ZbbdkdqZsd
AZxdrhZm hmedqdmbd vhsgnts sgd mddc enq ZcuZmbdc rZlokhmf sdbgmhptdr rtbg Zr nm/sgd/fix kdZqmhmf0 Etqsgdqlnqd: rhmbd
sgd KFO khmdZqkx rbZkdr vhsg sgd mtladq ne ntsots PnHr: rhfmhzbZmskx ghfgdq roddc/tor Zqd dwodbsdc enq lnqd bnlokdw
cZsZ: rtbg Zr hmeqZqdc rodbsqZ nq ghfg qdrnktshnm rbZssdqhmf dwodqhldmsr: nq enq ltkshokd cZsZ rntqbdr rhltksZmdntrkx –d0f0
rbZssdqhmf: rodbsqZ: cdmrhsx: cheetrhuhsx: dsb(0 Vd bnmbktcd sgZs knbZk FZtrrhZm oqnbdrrdr Zqd Zm ZbbtqZsd Zmc qdkhZakd
rtqqnfZsd lncdkhmf ZooqnZbg sgZs bZm ZbbdkdqZsd AZxdrhZm ZmZkxrhr ne lnkdbtkZq lncdkr nudq Z aqnZc ZqqZx ne bnlokdw
dwodqhldmsZk cZsZ0

4 �bimnvkdcfdldmsr

Vd vntkc khjd sn sgZmj Cq0 Ióqfdm Cñky enq gdkoetk chrbtrrhnmr nm sgd hlokdldmsZshnm ne knbZk FZtrrhZm oqnbdrrdr:
gxodqoZqZldsdq noshlhyZshnm Zmc tmbdqsZhmsx ptZmshzbZshnm0 Cq0 UZkdqhZ Lnkhmdqn enq oqnuhchmf eddcaZbj nm vqhshmf
Zmc rbhdmshzb bnlltmhbZshnm hm oqdoZqZshnm ne sgd lZmtrbqhos0 EhmZkkx: vd sgZmj RdZm S0 Rlhsg Zmc Oghkho I0 Rlhsg
enq sgdhq fthcZmbd nm AZxdrhZm ldsgncnknfx0 Sghr rstcx hr rtoonqsdc ax sgd MZshnmZk Rbhdmbd EntmcZshnm üvZqc Mn0
BADS/fl7362390 Sgd rtoonqs Zmc qdrntqbdr eqnl sgd Bdmsdq enq Ghfg OdqenqlZmbd Bnlotshmf Zs sgd Tmhudqrhsx ne TsZg
Zqd fqZsdetkkx Zbjmnvkdcfdc0

5 �tsgnq Bnmsqhatshnmr

AK RgZmjr / bnmbdostZkhyZshnm: enqlZk ZmZkxrhr: bncd cdudknoldms: lZmtrbqhos vqhshmf Zmc oqdoZqZshnm0 GV RtkkhuZm /
bnmbdostZkhyZshnm: enqlZk ZmZkxrhr: bncd cdudknoldms: lZmtrbqhos oqdoZqZshnm0 üQ RgZydc / lnkdbtkZq rhltkZshnmr0
LO Gndoemdq / bnmbdostZkhyZshnm: etmchmf Zbpthrhshnm: lZmtrbqhos oqdoZqZshnm0

Pdedqdmbdr

–fl( ByZqmdbjh: L0 ü0, LnqhrZvZ: X0, EtsZlh: X0, NyZjh: X0 Bgdl0 Qdu0 19fi4: fifi4: 8696-86330
–1( RbgltssdmlZdq: B0 ü0 Bgdl0 Qdu0 1993: fi93: fl648-fl6790
–2( MhgnmxZmZfh: R0, XZlZftbgh: R0, SZgZqZ: S0 Bgdl0 Qdu0 19fi6: fifi6: fl9554-fl95820
–3( Gnrrdhmontq: R0, Qndsdqr: R0 I0, Anmm: L0, Odtjdqs: V0, Vntsdqrdm: R0, Vdhcmdq: S0 Bgdl0 Qdu0 1919: fi19:

2319-23540
–4( Lhrgjnurjx: L0, EqxclZm: K0 �mmt0 Qdu0 Ogxr0 Bgdl0 1998: 59: 318-3370
–5( Qnfds: R0 ü0, BZqsdq/Edmj: J0 ü0, EZxdq: L0 C0 0 �l0 Bgdl0 Rnb0 1911: fi33: 3122-31320
–6( Kh: O0, IhZmf: X0, Gt: X0, Ldm: X0, Kht: X0, BZh: V0, Bgdm: R0 MVs0 BVsVk 1911: 4: 899-8flfl0
–7( VZmf: S0, ShZm: Y0, Xnt: Y0, Kh: Y0, Bgdmf: G0, Kh: V0, XZmf: X0, Ygnt: X0, Ygnmf: P0, KZh: X0 Dmdqfx RsnqVfd

LVsdq0 1911: 34: 13-210
–8( Ldmf: V0, Odmf: G0/B0, Kht: X0, Rsdkkhmf: ü0, VZmf: K0 I0 Ogxr0 Bgdl0 A 1912: fi16: 124fl-125fl0
–fl9( AZkkx: S0, QZakdm: O0 Q0 I0 Nqf0 Bgdl0 19fifi: 65: 37fl7-37290
–flfl( SgnlZr: L0, Aqdgl: L0, Ekhff: Q0, Uñgqhmfdq: O0, Jhqbgmdq: A0 Ogxr0 Bgdl0 Bgdl0 Ogxr0 19fi2: fi4: 5597-55110
–fl1( FZrsdffdq: L0, Adgkdq: I0, LZqptdsZmc: O0 Bgdl0 Rbh0 19fi6: 7: 5813-58240
–fl2( OrZqnr: ü0 E0, Ldmf: W0, Ynt: Y0, Ftn: K0, JZqmhZcZjhr: F0 D0 I0 Bnlots0 Ogxr0 1912: 366: flflfl8910
–fl3( Dkkdq: O0, Ehdmadqf: ü0 S0, Vdkcdqs: I0, Vdmcdk: F0, Añrdq: R0, Bnvdm: C0 E0 Mtbk0 Hmrsqtl0 Ldsgncr Ogxr0 Qdr0 �.

�bbdk0 Rodbsqnl0 Cdsdbs0 �rrnb0 Dptho0 1912: fi937: fl579flfl0
–fl4( Sncnqnuhb: L0, FtslZmm: L0 T0, BnqZmcdq: I0, Qhmjd: O0 Moi Bnlots0 LVsdq0 19fi8: 40
–fl5( Ytn: X0, Phm: L0, Bgdm: B0, Xd: V0, Kh: W0, Ktn: I0, Nmf: R0 O0 LVsdq0 SncVx0 191fi: 4fi: fl15-fl240
–fl6( EZmf: K0, Ftn: W0, Sncnqnuh%b: L0, Qhmjd: O0, Bgdm: W0 I0 Bgdl0 Hme0 Lncdk0 1912: 52: 634-6410

fl1
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–fl7( RgZqlZ OqhxZcZqrghmh: L0, Qnlhktxh: N0, VZmf: X0, Lhrjhm: J0, FZmkdx: B0, BkZmbx: O0LVsdq0 Gnqhy0 1913: fifi:
67fl-68fl0

–fl8( U0 Jqdlr: Q0 Ogxr0 Bgdl0 Bgdl0 Ogxr0 19fi8: 1fi: fl2281-fl23fl90
–19( Cdmf: Y0, Ststmmhjnu: H0, üudqatjg: H0 R0, SgZbgtj: L0, Jqdlr: Q0 U0 I0 Bgdl0 Ogxr0 1919: fi42: fl53flflfl0
–1fl( Eqdcdqhjrdm: R0 K0, IZbnardm: J0 V0, Aqnvm: J0 R0, RdsgmZ: I0 O0 Ogxr0 Qdu0 Kdss0 1993: 82: fl5449fl0
–11( Bnnjd: A0, Rbglhckdq: R0 B0 Ahnogxr0 I0 1997: 84: 3386-34flfl0
–12( BZhkkhdy: E0, Odqmns: O0 I0 Bgdl0 Ogxr0 19fifi: fi23: 943fl130
–13( EZqqdkk: J0, Ncdm: I0 S0, EZfghgh: C0 I0 Bnlots0 Ogxr0 19fi4: 184: fl78-1970
–14( Vt: R0, ümfdkhjnontknr: O0, OZoZchlhsqhnt: B0, Lnrdq: Q0, JntlntsrZjnr: O0 Oghknr0 SqVmr0 Q0 Rnb0 � 19fi5: 263:

19fl499210
–15( OZsqnmd: O0 M0, Chdmrseqdx: ü0, Aqnvmhmf: ü0 Q0, Stbjdq: R0, Bgqhrsdmrdm: R0 Onkxldq 19fi5: 76: 135-1480
–16( Ldrrdqkx: Q0 ü0, Jmnssr: S0 ü0, Vhkchmf: V0 U0 I0 Bgdl0 Ogxr0 19fi6: fi35: fl83flfl90
–17( CtssZ: Q0, AqnsyZjhr: Y0 E0, LhqZ: ü0 I0 Bgdl0 Ogxr0 19fi7: fi38: fl43flfl90
–18( Vdm: L0, SZclnq: D0 A0 Moi Bnlots0 LVsdq0 1919: 5: fl-fl90
–29( Ahran: L0 J0, GZlldq: A0 Ogxr0 Qdu0 Kdss0 1919: fi13: 975fl910
–2fl( Whd: X0, UZmcdqlZtrd: I0, QZlZjdqr: R0, Oqnshj: M0 G0, IngZmrrnm: ü0, Jnyhmrjx: A0 Moi Bnlots0 LVsdq0 1912: 8:

fl-70
–21( FdklZm: ü0, BZqkhm: I0 A0, Rsdqm: G0 R0, Qtahm: C0 A0: AVxdrhVm CVsV �mVkxrhr, BgZolZm Zmc GZkk?BQB. Mdv

Xnqj: fl8840
–22( RgZgqhZqh: A0, Rvdqrjx: J0, VZmf: Y0, ücZlr: Q0 O0, cd EqdhsZr: M0 Oqnb0 HDDD 19fi5: fi93: fl37-fl640
–23( Ltrhk: E0, VhkkZss: L0 I0, KZmfnunx: L0 ü0, Bdqhnssh: L0 I0 Bgdl0 Sgdnqx Bnlots0 19fi8: fi4: Otakhrgdq. üldqhbZm

BgdlhbZk Rnbhdsx: 895-8fl40
–24( BZhkkhdy: E0, Odqmns: O0, Qhyyh: E0, Inmdr: Q0, Jmhn: N0, üqZloZsyhr: F0, JntlntsrZjnr: O0 Hm TmbdqsVhmsx PtVmshz:

bVshnm hm LtkshrbVkd LVsdqhVkr Lncdkhmf, Dkrduhdq. 1919: oo fl58-1160
–25( UZmcdqlZtrd: I0, Snqqhrh: R0 A0, AZsymdq: R0, Whd: X0, Rtm: K0, JnkoZj: ü0 L0, Jnyhmrjx: A0 Moi Bnlots0 LVsdq0

1919: 5: fl-flfl0
–26( Jñzmfdq: I0, Gtlldq: F0 Dtq0 Ogxr0 I0 A 191fi: 83: 1340
–27( UZmcdqlZtrd: I0, Whd: X0, Khl: I0 R0, Nvdm: B0 I0, Jnyhmrjx: A0 MVs0 Bnlltm0 1911: fi2: 4fl720
–28( AkZrhtr: I0, YZax: O0, Cñky: I0, Jhqbgmdq: A0 I0 Bgdl0 Ogxr0 1911: fi46: 9fl34940
–39( Kdll: I0 B0: AVxdrhVm Ehdkc Sgdnqx, IGT Oqdrr. 19920
–3fl( Kh: B0, Fhkadqs: A0, EZqqdkk: R0, YZqyxbjh: O0 I0 Bgdl0 Hme0 Lncdk0 19120
–31( FgZmdl: Q0 F0, RoZmnr: O0 C0: RsnbgVrshb Ehmhsd Dkdldmsr. � RodbsqVk �ooqnVbg, Bntqhdq BnqonqZshnm. 19920
–32( IZbnarnm: K0 B0, Jhqax: Q0 L0, Lnkhmdqn: U0 I0 Ogxr0 Bgdl0 A 19fi3: fifi7: 7fl89-71910
–33( Ldrrdqkx: Q0 ü0, QZyZuh: R0 L0, Rghqsr: L0 Q0 I0 Bgdl0 Sgdnqx Bnlots0 19fi7: fi3: 2fl33-2fl510
–34( QZrltrrdm: B0 D0, VhkkhZlr: B0 J0 H0: FVtrrhVm oqnbdrrdr enq lVbghmd kdVqmhmf, LHS Oqdrr. BZlaqhcfd: LZrr:

19950
–35( Mftxdm/Stnmf: C0, Rddfdq: L0, Odsdqr: I0 �cu Qnans0 1998: 12: 19fl4-19230
–36( Atqm: L0 I0, Onodkhdq: O0 K0 ü0 I0 Bgdl0 Ogxr0 1919: fi42: 943flflfl0
–37( CZh: I0, Jqdlr: Q0 U0 I0 Bgdl0 Sgdnqx Bnlots0 1919: fi5: fl275-fl2840
–38( XZmf: M0, Ghkk: R0, LZmygnr: R0, BZqqhmfsnm: S0 I0 Lnk0 Rodbsqnrb0 1912: 282: flflfl6630
–49( EZadq: E0 ü0, Gtsbghrnm: K0, GtZmf: A0, Fhkldq: I0, Rbgndmgnky: R0 R0, CZgk: F0 D0, UhmxZkr: N0, JdZqmdr: R0,

Qhkdx: O0 E0, unm Khkhdmedkc: N0 ü0 I0 Bgdl0 Sgdnqx Bnlots0 19fi6: fi2: 4144-41530
–4fl( ümfdkhjnontknr: O0, OZoZchlhsqhnt: B0, JntlntsrZjnr: O0 I0 Bgdl0 Ogxr0 19fi1: fi26: fl33fl920
–41( BZhkkhdy: E0, AntqZrrdZt: ü0, Odqmns: O0 I0 Bnlots0 Bgdl0 19fi3: 24: fl29-fl380
–42( JtkZjnuZ: K0, üqZloZsyhr: F0, ümfdkhjnontknr: O0, GZcihcntjZr: O0, OZoZchlhsqhnt: B0, JntlntsrZjnr: O0 Rbh0

Qdo0 19fi6: 6: fl54650
–43( Adenqs: A0 I0, CdEdudq: Q0 R0, Snv: F0 L0, Cnvkhmf: ü0 V0, LZfhmm: D0 I0 I0 Bgdl0 Hme0 Lncdk0 191fi: 5fi: 3399-

33fl30
–44( B0 LZchm: N0, Q0 Rghqsr: L0 Chfhs0 Chrbnu0 1912: 1: 717-7360
–45( VZmf: M0, BZqknyn: L0 M0, LZqhm/Qhlnkch: D0, Adenqs: A0 I0, Cnvkhmf: ü0 V0, LZfhmm: D0 I0 I0 Bgdl0 Sgdnqx

Bnlots0 1912: fi8: 3435-34470
–46( CZr: J0, RqhuZrsZuZ: ü0 M0 Hm 19fi9 HDDD HmsdqmVshnmVk Bnmedqdmbd nm CVsV Lhmhmf: 19fl9: oo 68fl-6850

fl2
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–47( OZqj: B0, üokdx: C0 OZsbgvnqj Jqhfhmf enq KZqfd/rbZkd FZtrrhZm Oqnbdrr Qdfqdrrhnm: dm: 19fl70
–48( Sdqqx: M0, Bgnd: X0 OKnR Nmd 191fi: fi5: CNH. oupo/so6hn2.lSkp1nlapu3f75su0
–59( FqZlZbx: Q0 A0, üokdx: C0 V0 I0 Bnlots0 FqVog0 RsVs0 19fi4: 13: 45fl-4670
–5fl( AqnZc: I0, VgdZskdx: Q0 I0, FqZgZl: Q0 R0 I0 Bgdl0 Sgdnqx Bnlots0 1912: fi8: 3211-32220
–51( Cdqhmfdq: U0 K0, AZqsöj: ü0 O0, Adqmrsdhm: M0, Vhkjhmr: C0 L0, Bdqhnssh: L0, Brämxh: F0 Bgdl0 Qdu0 191fi: fi1fi:

fl9962-fl9fl3fl0
–52( BZqn: L0 ü0, Cdqhmfdq: U0 K0, Jnrjhmdm: I0, KZtqhkZ: S0, Brämxh: F0 Ogxr0 Qdu0 Kdss0 19fi7: fi19: fl55fl9fl0
–53( Cdqhmfdq: U0 K0, Adqmrsdhm: M0, AZqsöj: ü0 O0, Bkheed: L0 I0, Jdqadq: Q0 M0, LZqadkkZ: K0 D0, Fqdx: B0 O0, Dkkhnss: R0 Q0,

Brämxh: F0 I0 Ogxr0 Bgdl0 Kdss0 19fi7: 8: 1768-17740
–54( K0 Cdqhmfdq: U0, Ldqkds: B0, Gt: X0, Gnnm Kdd: S0, ü0 JZsshqsyh: I0, Odbgdq: N0, Brämxh: F0, Q0 Dkkhnss: R0, O0 Fqdx: B0

Bgdl0 Bnll0 19fi7: 43: 4877-488fl0
–55( Bgdmf: A0, LZyynkZ: F0, OhbjZqc: B0 I0, Bdqhnssh: L0 MVstqd 1919: 474: 1fl6-1190
–56( OZqtyyn: E0 L0, Gnersdssdq: ü0, Ltrhk: E0, Cd: R0, Bdqhnssh: L0, Dlrkdx: K0 MVs0 Bnlltm0 19fi7: 8: 349fl0
–57( Rgdkk: L0 R0 I0 Bgdl0 Ogxr0 1997: fi18: fl33fl970
–58( ülaqnfhnmh: K0, LZqhr: D0 Hm �HRS�SR: OLKQ. 19fl7: oo 1fl6-1140
–69( Rmndj: I0, KZqnbgdkkd: G0, ücZlr: Q0 O0 Hm �cu0 MdtqVk Hme0 Oqnbdrr0 BtqqZm ürrnbhZsdr: Hmb0. 19fl1, Unk0 140
–6fl( RhkudqlZm: A0 V0 I0 Q0 RsVs0 Rnb0 Rdq0 A Ldsgncnk0 fi874: 36: fl-1fl0
–61( Adkkhrrdms/Etmdk: L0 B0, Atnmsdlon: T0, EhkZanyyh: ü0, Odsqhkkn: B0, Qhbbh: E0 O0 Ogxr0 Qdu0 A fi881: 34: 3594-35fl20
–62( Lhd: F0 �mm0 Ogxr0 fi892: 2fi5: 546-5860
–63( UqZadb: I0, Rsnkk: I0, GZrrd: G0 I0 Ogxr0 Bgdl0 A 199fi: fi94: fl1fl15-fl1fl220
–64( Lhbj: I0 Q0, Rnqntrg AZqgZfgh: L0, IZbjlZm: A0, QtrgZhcZs: J0, Rbgvhdadqs: K0, Onsnee: I0 I0 I0 Bgdl0 Ogxr0 19fi4:

fi32: flfl34930
–65( RgZmjr: A0 K0, Onsnee: I0 I0, Gndoemdq: L0 O0 I0 Ogxr0 Bgdl0 Kdss0 1911: fi2: flfl4fl1-flfl4190
–66( Vhcnl: A0, Qnvkhmrnm: I0 R0 I0 Bgdl0 Ogxr0 fi869: 41: fl569-fl5730
–67( QZlqZssZm: M0, üudmcZán: B0, Lókkdq: D0, FZkhmcn: ü0 Lnk0 Ogxr0 19fi4: fifi2: 821-8360
–68( RtmcZqZqZiZm: R0, Jddqsgh: R0 R0 MdtqVk0 Bnlots0 199fi: fi2: flfl92-flflfl70
–79( Ohrjtkhbg: Y0 ü0, Sgnlornm: V0 G0 I0 Bgdl0 Ogxr0 1919: fi41: 9flflfl910
–7fl( GZmjd: L0 I0 RsVs0 Ogxr0 19fi7: fi69: 425-4420
–71( BkZxsnm: F0 S0, GdZsnm: K0 Ogxr0 Qdu0 fi85fi: fi1fi: 538-5420
–72( InuZqh: O0 Lnk0 Ogxr0 fi888: 86: flfl38-flfl450
–73( GZmrdm: I0/O0, LbCnmZkc: H0 Q0: Sgdnqx ne Rhlokd Khpthcr. vhsg �ookhbVshnmr sn Rnes LVssdq, übZcdlhb Oqdrr. RZm

Chdfn: 19fl20
–74( ümcdqrnm: I0 ü0, FkZrdq: I0, Fknsydq: R0 B0 Bnlots0 LVsdq0 Rbh0 1919: fi62: fl982520
–75( QZlZrtaqZlZmh: U0, Chbd: A0 C0, GZqodq: D0 R0, Rodkkhmfr: L0 O0, ümcdqrnm: I0 ü0, Fknsydq: R0 B0 Bnlots0 Ogxr0

Bnlltm0 1919: 143: fl961640
–76( Gdhmnmdm: L0, LZmmdqrsqñl: G0, Qntrt: I0, JZrjh: R0, KÅgcdrlÅjh: G0 Hm Oqnbddchmfr ne sgd fi8sg HmsdqmVshnmVk

Bnmedqdmbd nm �qshzbhVk Hmsdkkhfdmbd Vmc RsVshrshbr: OLKQ. 19fl5: oo 621-6390
–77( ümfdkhjnontknr: O0, OZoZchlhsqhnt: B0, JntlntsrZjnr: O0 Bnlots0 Ldsgncr0 �ook0 Ldbg0 Dmf0 19fi4: 178: 398-

3170
–78( EnqdlZm/LZbjdx: C0, Gnff: C0 V0, KZmf: C0, FnnclZm: I0 Otak0 �rsqnm0 Rnb0 OVb0 19fi2: fi14: 2950

6 �oodmchw

� LnkdbtkYq CxmYlhbr RhltkYshnm ne Lhd Ekthcr

Bnlotsdq fdmdqZsdc qZchZk chrsqhatshnm etmbshnmr –QCEr( vdqd bZkbtkZsdc trhmf lnkdbtkZq cxmZlhbr –LC( rhltkZshnmr hm
sgd GNNLC/Aktd oZbjZfd )74[0 RhltkZshnmr vdqd hmhshZsdc vhsg Z kZsshbd bnmzftqZshnm ne 753 oZqshbkdr Zmc bnloqdrrdc
sn Z qdctbdc cdmrhsx ne ρ + 9�91366 Zsnl?�

2
Zmc sgdqlZk dmdqfx S + 31�1 J0 Sgd GNNLC MUS hmsdfqZsnq vZr trdc

enq Z 9014 mZmnrdbnmc dpthkhaqZshnm rsdo Zmc Z 9014 mZmnrdbnmc oqnctbshnm rsdo –cs + 904 edlsnrdbnmc(0 OnsdmshZkr vdqd
sqtmbZsdc Zs 2σ vhsg Zm ZmZkxshbZk sZhk bnqqdbshnm: Zmc QCEr vdqd bZkbtkZsdc trhmf sgd Eqdtc oZbjZfd )75[0
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SZakd 2. DrshlZsdc antmcZqhdr enq ogxrhbr/bnmrsqZhmdc oqhnq roZbd aZrdc nm sgd –λ / 5( Lhd fithc ogZrd chZfqZl0 l+ 5
hr sgd ZssqZbshud sZhk dwonmdms ne sgd –λ / 5( Lhd onsdmshZk0 ∗( Sgd lZwhltl λ vZr rdkdbsdc sn ad rtarsZmshZkkx kZqfdq
sgZm oqduhntrkx qdonqsdc uZktdr )63-65[0

OZqZl0 Lhm0 Lhm0 BqhsdqhZ LZw0 LZw0 BqhsdqhZ
λ 50fl l+ 5 +⇒ λ / 5 fl7 KhsdqZstqd∗
σ 1044 UZonq/Khpthc Dpthk0 2021 Rnkhc/Khpthc Dpthk0
ε 9099 ε , 9 tmcdzmdc 90fl25 UZonq/Rnkhc Dpthk0

Ehftqd 3. 1C sqZhmhmf Zmc rZlokd oZqZldsdq rds trdc sn sqZhm Zmc sdrs sgd KFO rtqqnfZsd lncdk0

A SqYhmhmf Ymc Sdrs Rds FdmdqYshnm

Sgd zqrs rsdo sn cdrhfm Z KFO rtqqnfZsd lncdk hr sn fdmdqZsd Z sqZhmhmf rds ne lncdk hmots oZqZldsdq hmots Zmc PnH
ntsotsr0 Sn fdmdqZsd sgd sqZhmhmf rds: vd mddc cdmrd rZlokdr ne lncdk oZqZldsdqr hm sgd qdfhnm ne sgd oZqZldsdq roZbd
sgZs vdkk/qdoqdrdmsr sgd sZqfds dwodqhldmsZk cZsZ0 Hm fdmdqZk: hs hr mns jmnvm V oqhnqh vgdqd sghr qdfhnm hr: oZqshbtkZqkx he
sgdqd hr mn oqhnq jmnvkdcfd ne vgZs lncdk oZqZldsdqr Zqd adrs vhsg qdrodbs sn Zm dwodqhldmsZk nardquZshnm: x0 Gnvdudq:
sgdqd Zqd oZqZldsdq qdfhnmr sgZs vd bZm dwbktcd V oqhnqh aZrdc nm sgd ogxrhbr ne sgd –λ /5( Lhd fithc0 Enq hmrsZmbd: Md hr
Z khpthc Zs sgd dwodqhldmsZk sgdqlncxmZlhb bnmchshnmr: rn vd bZm trd vdkk/drsZakhrgdc –λ /5( Lhd fithc ogZrd chZfqZlr
Zmc uZonq/khpthc sqZmrhshnmr )66[ sn qdrsqhbs sgd oZqZldsdq qZmfdr sn sgd khpthc ogZrd nmkx0 RodbhzbZkkx: fhudm Z zwdc
sdlodqZstqd –S + 3101J( Zmc cdmrhsx –ρ + 90913 ��2(: hs hr sqhuhZk sn cdsdqlhmd sgd σ Zmc ε oZqZldsdq qZmfdr qdonqsdc
hm sgd lZmtrbqhos uhZ qdkZshnmr enq sgd rbZkdc sdlodqZstqd –S ∗ + jaS<ε( Zmc rbZkdc cdmrhsx –ρ∗ + ρσ2(0 Sgd oZqZldsdq
qZmfdr cdsdqlhmdc trhmf sgd Lhd fithc ogZrd chZfqZl Zqd oqdrdmsdc hm SZakd 20 Qdrsqhbshmf sgd oZqZldsdq sn ogxrhbZkkx
itrshzdc qZmfdr hr hlonqsZms sn Zunhc Z ]fZqaZfd hm: fZqaZfd nts] rbdmZqhn enq Zm KFO rtqqnfZsd lncdk0 Fhudm sghr
oqhnq qZmfd: vd sgdm odqenqldc sgd rdptdmshZk rZlokhmf ZooqnZbg ntskhmdc hm sgd lZmtrbqhos0 ü uhrtZkhyZshnm ne sghr
oqnbdctqd hr rgnvm adknv hm Ehftqd 30

A0fi Sgd FYtrrhYm Nqnbdrr Nqhnq LdYm

Hm sghr lZmtrbqhos: Zm ZmZkxshbZk rnktshnm enq sgd QCE aZrdc nm sgd chktsd khlhs onsdmshZk ne ldZm enqbd –OLE( vZr
trdc Zr sgd FO oqhnq ldZm0 Sghr bgnhbd hr ZooqnoqhZsd Zr Zm QCE oqhnq rhmbd hs vhkk gZud sgd rZld edZstqdr sgZs vd
dwodbs Z khpthc QCE sn gZud: h0d0 QCE uZktdr ne ydqn Zs knv q Zmc Z knmf/qZmfd sZhk sgZs ZrxlosnshbZkkx ZooqnZbgdr tmhsx0
Gnvdudq: mnsd sgZs dudm Z oqhnq ftdrr sgZs cndrm=s dmbncd sghr hmenqlZshnm bZm rshkk oqnctbd ZbbtqZsd KFO rtqqnfZsd
lncdkr enq QCEr0 Enq dwZlokd: hm Ehftqd 4 vd bZm rdd sgZs Zm hcdZk fZr QCE oqhnq: vghbg Zlntmsr sn ZooqnwhlZshmf
sgZs sgd QCE hr tmhsx dudqxvgdqd –fHF�q( + fl(: bZm rshkk ad kdZqmdc ax sgd knbZk FZtrrhZm oqnbdrrdr vhsg QLRD uZktdr
bknrd sn sgd lnqd ogxrhbZkkx itrshzdc OLE0

BkdZqkx: sgd QLRD Zknmf q hr Z rhlhkZq lZfmhstcd enq sgd hcdZk fZr Zmc OLE oqhnq: ats sgd q/cdodmcdms adgZuhnq hr
mnshbdZakx cheedqdms0 Enq sgd hcdZk fZr oqhnq: vd rdd sgZs sgdqd hr ghfg QLRD Zs knv q: vghbg hr hmbnmrhrsdms vhsg ntq
hmsthshnm enq Z khpthc QCE ctd sn sgd dwbktcdc unktld ne Zsnlr0 VgZs hr nbbtqqhmf gdqd hr sgZs sgd FO drshlZsd hr
adhmf ]otkkdc] snvZqcr sgd oqhnq Zs knv q0 Nm sgd nsgdq gZmc: sgd OLE oqhnq dwghahsr adgZuhnq hm khmd vhsg ntq ogxrhbZk
hmsthshnm, mZldkx: mdZq ydqn dqqnq Zs q uZktdr rlZkkdq sgZm sgd qdkZshud chZldsdq ne sgd Zsnl0 OdqgZor rtqoqhrhmfkx: vd rdd
hm Ehftqd 5 sgZs sgd bgnhbd ne oqhnq ldZm cndrm=s gZud Z kZqfd hloZbs nm sgd onrsdqhnq chrsqhatshnm nq LüO drshlZsdr0
Vd Zssqhatsd sghr sn sgd eZbs sgZs sgd QLRD hr rtezbhdmskx rlZkk enq ansg sgd hcdZk fZr Zmc OLE oqhnqr sgZs sgd onrsdqhnq
chrsqhatshnm hrm=s rhfmhzbZmskx lnchzdc0 Gnvdudq: hs cndr hmfitdmbd sgd onrsdqhnq oqdchbshud chrsqhatshnm Zr duhcdmbdc ax
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Ehftqd 4. QLRD Zr Z etmbshnm ne q enq Zm hcdZk fZr –aktd( Zmc onsdmshZk ne ldZm enqbd –qdc( oqhnq0

SZakd 3. Noshltl gxodqoZqZldsdq uZktdr tmcdq sgd hcdZk fZr Zmc OLE oqhnq bnlotsdc eqnl 14999 qZmcnl rZlokdr
nudq sgd qdonqsdc sdrs qZmfd0

MZld Sdrs QZmfd HcdZk FZr OLE
>λ 904/3 202fl 2047
>σ 909fl/9094 90935 90937
>ε 9099fl/909fl 909987 909982
� flD/3/90fl 90983 90984

σmnhrd flD/3/909fl 601D/3 702D/3

Ehftqd 60 RodbhzbZkkx: mnsd sgZs sgdqd hr tmbdqsZhmsx Zs knv q enq sgd hcdZk fZr oqhnq: vgdqdZr sghr tmbdqsZhmsx uZmhrgdr enq
sgd OLE oqhnq0

A01 GxodqoYqYldsdq Rdkdbshnm

Sgd zmZk rsdo hr sn kdZqm Z rds ne KFO gxodqoZqZldsdqr sgZs oqnuhcd ZbbtqZsd drshlZsdr ne sgd sZqfds PnH0 ü rsZmcZqc
ZooqnZbg sn rdkdbshmf gxodqoZqZldsdqr hr sn lZwhlhyd sgd lncdk duhcdmbd )34[ nq Zookx Zm dwodbsdc hloqnudldms
bqhsdqhnm aZrdc nm Zm hmsdfqZsdc Zbpthrhshnm etmbshnm )69[0 Gdqd vd Zookhdc Z aqtsd enqbd rdZqbg aZrdc nm lhmhlhyhmf sgd
kdZud/nmd/nts –KNN( dqqnq enq 14:999 gxodqoZqZldsdq noshnmr qZmcnlkx rZlokdc nudq Z oqhnq qZmfd trhmf sgd ldsgnc ne
RtmcZqZqZiZm Zmc bnvnqjdqr )68[ –SZakd 3(0 Sghr ldsgnc fhudr qdkZshudkx rhlhkZq gxodqoZqZldsdq drshlZshnmr enq ansg Zm
hcdZk fZr Zmc OLE FO oqhnq0 Sgd oqhnq qZmfd vZr rdkdbsdc aZrdc nm sgd –λ /5( Lhd oZqZldsdq rdmrhshuhsx ZmZkxrhr ne
Lhbj Zmc bnvnqjdqr )64[0

ü khlhsZshnm ne sgd aqtsd enqbd ZooqnZbg sn gxodqoZqZldsdq rdkdbshnm hr sgZs vd cnm=s Zbbntms enq onsdmshZk gxodqoZqZldsdq
tmbdqsZhmsx hm sgd KFO oqdchbshnm0 Gnvdudq: sgd rdke/bnmrhrsdmbx ne ntq oqdchbshnmr vhsg dwhrshmf khsdqZstqd nm khpthc mdnm
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Ehftqd 5. LZqfhmZk onrsdqhnqr enq sgd hcdZk fZr OLE –qdc( Zmc hcdZk fZr –aktd( oqhnqr0

Ehftqd 6. Onrsdqhnq oqdchbshudr enq sgd hcdZk fZr OLE –qdc( oqhnqr hcdZk fZr –aktd( oqhnqr0
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Ehftqd 7. QLRD Zknmf q enq uZqxhmf mtladqr ne sqZhmhmf rhltkZshnmr tmcdq Zm hcdZk fZr oqhnq0

)64: 65[ rtffdrsr sgZs sghr tmbdqsZhmsx hr khjdkx hmrhfmhzbZms0 Mnsd sgZs nmd bntkc oqnoZfZsd gxodqoZqZldsdq tmbdqsZhmsx
ax odqenqlhmf AZxdrhZm noshlhyZshnm nudq sgd gxodqoZqZldsdqr: rZlokhmf sgd qdrtksZms gxodqoZqZldsdq onrsdqhnq
chrsqhatshnm: Zmc oqnoZfZshmf sgd rZlokdr sgqntfg sgd onrsdqhnq oqdchbshud drshlZshnm rsdo0 EhmZkkx: gxodqoZqZldsdq
noshlhyZshnm enq sgd KFO lncdk hr mnm/sqhuhZk rhmbd sgd KFO hr Zm ZooqnwhlZshnm sn Z mnm/rsZshnmZqx rsnbgZrshb oqnbdrr
)76[0

VgZs he sgd oqduhntrkx cdrbqhadc ldsgnc eZhkr sn xhdkc Zm ZbbtqZsd rtqqnfZsd lncdk; Hm sghr bZrd: nmd bZm qdodZs sgd
rdptdmshZk rZlokhmf ax Zcchmf lnqd sqZhmhmf rhltkZshnmr Zs dZbg qZmfd sn qdsqZhm sgd KFO tmshk sgd QLRD hr rtezbhdmskx
rlZkk0 ür Zm dwZlokd: Ehftqd 7 cdlnmrsqZsdr sgZs rtqqnfZsd lncdk ZbbtqZbx hloqnudr Zr lnqd rZlokdr Zqd Zccdc Zs
dZbg qZmfd0 Mnsd sgZs sgd ZbbtqZbx ne sgd rtqqnfZsd vhkk mns hloqnud adxnmc sgd rsZshrshbZk tmbdqsZhmsx ne sgd tmcdqkxhmf
lncdk0

ü lnqd qhfnqntr: ats mnm/sqhuhZk ldsgnc enq rtqqnfZsd lncdk sqZhmhmf: hr sn trd ZcZoshud nq nm/sgd/fix kdZqmhmf: hm
vghbg sgd tmbdqsZhmsx hm sgd KFO oqdchbshnm hr trdc sn cdbhcd vgdsgdq nq mns Z mdv rhltkZshnm hr mddcdc hm sgd sqZhmhmf
rds0 Sghr ZooqnZbg gZr addm trdc hm oqhnq vnqj)4fl: 77[ ats vZr entmc sn ad tmmdbdrrZqx enq ntq otqonrdr ctd sn sgd
dezbhdmbx Zmc ZbbtqZbx ne sgd KFO vhsg qdkZshudkx edv sqZhmhmf rZlokdr0

A02 Trhmf sgd KFN RtqqnfYsd Lncdk enq NYqYldsdq Rdmrhshuhsx �mYkxrhr

Rdmrhshuhsx ne Z PNH sn Z lncdk oZqZldsdq: θh: bZm ad ptZmshzdc trhmf sgd ZmZkxshbZk cdqhuZshud ne sgd knbZk FO rtqqnfZsd
lncdk Zbbnqchmf sn sgd enkknvhmf dptZshnm:

∂�=FOj�θ ∗([

∂θh
+

�
θh�θ ∗

h

>1θh


Iθ∗. ,W′ =I ,W′. ,W′ )σ1mnhrdH[

�fl ,X′
j –1fl(

vgdqd j hr sgd PnH hmcdw0 Sgd FZtrrhZm oqnbdrr cdqhuZshud hr Z ptZmshsZshud ldZrtqd ne sgd hmfitdmbd ne Z odqstqaZshnm hm
θh sn sgd dwodbsZshnm ne sgd nardquZakd ,X′

j0 Sgdqdenqd: dp –1fl( bZm ZooqnwhlZsd sgd hloZbs ne bgZmfhmf Z lnkdbtkZq
rhltkZshnm oZqZldsdq nm sgd PNH –d0f0 gnv ltbg cndr bgZmfhmf sgd deedbshud oZqshbkd rhyd hloZbs sgd QCE Zs Zmx q(0
Ehftqd 8 rgnvr oqnaZahkhrshb knbZk FO cdqhuZshudr bZkbtkZsdc enq sgd –λ /5( Lhd oZqZldsdqr0

Sgd qdotkrhud dwonmdms cdqhuZshud dwghahsr Z rlZkk lZfmhstcd Zmc gZr Z lhmhltl Zs sgd QCE gZke lZwhltl0 Sghr
adgZuhnq rtffdrsr sgZs hmbqdZrhmf sgd qdotkrhud dwonmdms: vghbg cdsdqlhmdr sgd ]gZqcmdrr] ne sgd oZqshbkdr: rsddodmr
sgd rknod ne sgd zqrs odZj hm sgd QCE0 Sghr qdrtks hr hmsthshud bnmrhcdqhmf sgZs hm Z gZqc/oZqshbkd lncdk sgdqd hr Z
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Ehftqd 8. CdqhuZshudr ne sgd knbZk FO Zknmf sgd QCE bZkbtkZsdc eqnl dp –1fl(0
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SZakd 4. Oqhnq oZqZldsdqr nm sgd –λ /5( Lhd lncdk oZqZldsdqr0

OZqZldsdq Chrsqhatshnm µ r
λ fl109 8
σ MnqlZk 106 fl07
ε 90flfl1 90114
σm Knf/MnqlZk fl fl

chrbnmshmtntr itlo Zs sgd gZqc/oZqshbkd qZchtr –hmzmhsd rknod( sgZs oqnfqdrrhudkx rnesdmr vhsg sgd hmsqnctbshnm ne Zm
dwonmdmshZk qdotkrhud cdbZx etmbshnm0 Hm sgd bZrd ne sgd bnkkhrhnm chZldsdq: ydqnr ne sgd cdqhuZshud nbbtq Zs QCE odZjr
Zmc sqntfgr: vghkd knbZk dwsqdlZ Zkhfm vhsg sgd gZke/lZwhltl onrhshnmr0 Bnmrdptdmskx: hmbqdZrhmf sgd deedbshud oZqshbkd
rhyd rghesr sgd QCE sn sgd qhfgs vghkd lZhmsZhmhmf qdkZshudkx bnmrsZms odZj gdhfgsr0 QdfZqchmf sgd chrodqrhnm dmdqfx:
hsr cdqhuZshud chrokZxr ydqnr Zs sgd gZke/lZwhltl onrhshnmr ne sgd QCE Zmc knbZk dwsqdlZ Zs odZjr Zmc sqntfgr0 Sghr
adgZuhnq hmchbZsdr sgZs Zm hmbqdZrd hm sgd chrodqrhnm dmdqfx kdZcr sn Zm hmbqdZrdc lZfmhstcd ne sgd QCE odZjr Zmc
fqdZsdq khpthc rsqtbstqhmf0

CdqhuZshudr ne rsqtbstqd vhsg qdrodbs sn sgdqlncxmZlhb rsZsd uZqhZakdr –S : O: µ : dsb( bZm ad bnlotsdc vhsg fitbstZshnm
sgdnqx0 Kds=r mnv sZjd Zr Zm dwZlokd sgd ε/cdqhuZshud ne sgd QCE hm Md0 Vd zmc sgZs Zm hmbqdZrd hm sgd chrodqrhnm
dmdqfx cddodmr sgd hmsdqZsnlhb onsdmshZk vdkk: qdrtkshmf hm fqdZsdq ZssqZbshnm Zmc Z lnqd rsqtbstqdc khpthc0 Mnshmf sgZs
sgd qdctbdc sdlodqZstqd: S ∗: hr hmudqrdkx qdkZsdc sn ε ax:

S ∗ +
jAS
ε

–11(

sgdm sgd f�q( cdqhuZshud vhsg qdrodbs sn ε Zs bnmrsZms S : hr dptZk sn sgd f�q( cdqhuZshud vhsg qdrodbs sn sgd qdctbdc
sgdqlncxmZlhb adsZ:

∂f�q(
∂ε

+
∂f�q(
∂β ∗ –12(

vgdqd β ∗ + S ∗<jAS 0 Hm rtllZqx: Zm hmbqdZrd hm ε hr dpthuZkdms sn Z cdbqdZrd hm sdlodqZstqd0 Hs hr sgdqdenqd dwodbsdc
sgZs sgd ε cdqhuZshud Zmc sdlodqZstqd cdqhuZshud adgZud sgd rZld, rodbhzbZkkx: Z cdbqdZrd hm sdlodqZstqd rgntkc hmbqdZrd
qdrtks hm fqdZsdq fithc rsqtbstqhmf vhsgnts rhfmhzbZmskx hloZbshmf odZj onrhshnmr0 Tmrtqoqhrhmfkx: sghr adgZuhnq hr
dwZbskx vgZs vZr nardqudc hm qdbdms vnqj sgZs bnlotsdc sdlodqZstqd cdqhuZshudr ne sgd N/N oZhq QCE hm vZsdq trhmf Z
fitbstZshnm sgdnqx ZooqnZbg )79[0

B Sgd RsYmcYqc AYxdrhYm EqYldvnqi

Enq rhlokhbhsx ne mnsZshnm: kds θ + {λ .σ .ε .σm{ qdoqdrdms sgd lncdk oZqZldsdqr ZmcO + Rc�P( ad sgd QCE nardquZshnmr0
Sgd mthrZmbd oZqZldsdq: σm: qdoqdrdmsr sgd vhcsg ne sgd FZtrrhZm khjdkhgnnc Zmc hr bnmrhcdqdc Z lncdk oZqZldsdq
rhmbd mnsghmf hr jmnvm Zants sghr oZqZldsdq V oqhnqh0 BZkbtkZshmf sgd onrsdqhnq oqnaZahkhsx chrsqhatshnm vhsg AZxdrhZm
hmedqdmbd sgdm qdpthqdr svn bnlonmdmsr. –fl( oqdrbqhoshnm ne oqhnq chrsqhatshnmr nm sgd lncdk oZqZldsdqr: o�θ (: Zmc –1(
duZktZshnm ne sgd QCE khjdkhgnnc: o�O }θ (0 Sgd oqhnq chrsqhatshnm nudq sgd �λ �5(Lhd oZqZldsdqr hr Zrrtldc sn ad Z
ltkshuZqhZsd mnqlZk chrsqhatshnm:

θ ±� �µθ .σ1θ ( –13(

vgdqd µθ Zmc σ1θ Zqd sgd oqhnq ldZm Zmc uZqhZmbd ne dZbg �λ �5(Lhd oZqZldsdq hm θ : qdrodbshudkx0 ü vhcd: ltkshuZqhZsd
mnqlZk chrsqhatshnm vZr rdkdbsdc adbZtrd hs hr mnm/hmenqlZshud Zmc bnmitfZsd sn sgd FZtrrhZm khjdkhgnnc dptZshnm0 Sgd
oqhnq nm sgd mthrZmbd oZqZldsdq hr Zrrtldc sn ad knf/mnqlZk:

knfσm ±� �µσm .σ
1
σm( –14(

vgdqd µσm Zmc σσm Zqd sgd oqhnq ldZm Zmc uZqhZmbd ne sgd mthrZmbd oZqZldsdq0 Sgd knf/mnqlZk oqhnq hlonrdr sgd
bnmrsqZhms sgZs sgd mthrZmbd oZqZldsdq hr mnm/mdfZshud: vghbg hr nauhntrkx sqtd adbZtrd Z mdfZshud uZqhZmbd hm sgd
nardqudc cZsZ hr tmcdzmdc0 Enq qdedqdmbd: sgd oqhnq oZqZldsdqr trdc hm sghr rstcx Zqd rtllZqhydc hm SZakd 40

Sgd khjdkhgnnc etmbshnm hr Zrrtldc sn ad FZtrrhZm Zbbnqchmf sn sgd bdmsqZk khlhs sgdnqdl:
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o�O }θ ( ∝
fl

σmrVlokdr
m

dwo

� fl
1σ1m

∑
h

=Rθh�Pi(�Rc�Pi([
1


–15(

vgdqd Rθ �Ph( hr sgd lnkdbtkZq rhltkZshnm oqdchbsdc QCE Zmc i hmcdwdr nudq chrbqdsd onhmsr Zknmf sgd lnldmstl udbsnq0
AZxdr= sgdnqdl hr sgdm dwoqdrrdc Zr:

o�θ }O ( ∝ o�O }θ (o�θ ( –16(

vgdqd dpthuZkdmbd gnkcr to sn oqnonqshnmZkhsx0 Sghr bnmrsqtbshnm hr ZbbdosZakd rhmbd sgd qdrtkshmf onrsdqhnq chrsqhatshnm
bZm ad mnqlZkhydc onrs gnb sn zmc Z uZkhc oqnaZahkhsx chrsqhatshnm0

B0fi LYqinu BgYhm Lnmsd BYqkn

Sn onotkZsd sgd AZxdrhZm khjdkhgnnc chrsqhatshnm: LZqjnu BgZhm Lnmsd BZqkn –LBLB( rZlokdr nudq sgd lncdk
oZqZldsdqr θ + {λ .σ .ε .σm{ Zqd oZrrdc sn sgd rtqqnfZsd lncdk: duZktZsdc: Zmc bnloZqdc sn sgd dwodqhldmsZk QCE0
859:999 LBLB rZlokdr vdqd bZkbtkZsdc trhmf sgd dlbdd oZbjZfd )78[ eqnl fl59 vZkjdqr –4999 rZlokdr?vZkjdq( vhsg
Z fl999 rZlokd atqm/hm odq vZkjdq0 Sgd LBLB lnudr Zookhdc vdqd cheedqdmshZk dunktshnm –CD( Zs Z 907 qZshn Zmc CD
Rmnnjdq Zs Z 901 qZshn: vghbg hr jmnvm sn fhud fnnc qdrtksr enq ltkshlncZk chrsqhatshnmr0 Sgd ZbbdosZmbd qZshn nasZhmdc
eqnl sghr rZlokhmf oqnbdctqd vZr ±9016 Zmc sgd ZtsnbnqqdkZshnm adsvddm rsdor vZr fl5 lnudr0

1fl


